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INTRODUCTION. 



The following Compilation was drawn up at a time when the 
<lifficulties, which usually present themselves on a first perusal 
of the Principia, were fresh in the recollection of its Author. 
Upon a late accidental revision of it he was induced to think 
that it migh,t, if printed in a convenient form, prove an useful 
guide to those, who not enjoying the benefits of Academical 
or other instruction, are yet desirous of becoming acquainted 
with so much at least of the Principia, as is necessary to a clear 
comprehension of the more prominent and obvious laws of the 
Planetary System. Perhaps even to the regularly educated 
Student it may not be wholly unacceptable as a book of occa- 
sional reference; inasmuch as besides the Commentary properly 
so called, it will be found to contain, carefully arranged under 
proper heads, all or most of those Problems and Deductions 
from the Text, which, after having been collected by the Stu- 
dent at the expence of much time and trouble, are usually en- 
tered, without any greatjegard to order or connexion, in the 
pages of his Manuscript. 

The following is the plan and arrangement of this Treatise. 

I. Newton's text entire, with the exception of Props. 3, 5, 
and 17; Lemmas 12, 13, and 14, relating to well-known pro- 
perties of the Conic Sections ; a few of the Scholia ; and the 
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aliter proofs in the 2d and 3d Sections ; all of which, as being 
of less general use and application, might, it was conceived, be 
omitted without injury to the work. 

. II. A general Introduction to the three Sections, comprising 
a concise account, with Examples, of the Methods of Exhaus- 
tions and Indivisibles, and the doctrine of Limits. 

III. Notes explanatory of Newton's text. In this part, which 
forms the main body of the Treatise, the following method has 
been invariably adhered to. {j ) Each Lemma and Proposition 
is prefaced, wherever the subject appeared to require it, with 
such introductory remarks as were thought necessary to prepare 
the reader for Newton's demonstration, {jj) The Lemma or 
Proposition itself, where any difficulty occurs, is explained in as 
distinct and familiar a way as the subject would admit of. 
ijjj) At the end of each will be found subjoined, under the ap- 
pellation of Notes, such further remarks, deductions, and prob- 
lems as the Proposition under consideration seemed naturally to 
suggest. 

IV. A collection of Miscellaneous Problems, with their solu- 
tions. 

The reader will observe that the short account given of the 
doctrine of Exhaustions and Indivisibles, and also Arts. 50, ^1, 
and 52, on curvature, have been extracted almost wholly from 
Maclaurin ; and as utility has been his sole object, the Compiler 
of the following sheets has throughout unreservedly borrowed 
from every valuable source within his reach. 



MATHEMATICAL PRINCIPLES 



OF 



iBaturaJ f^Jilosopfj^^ 



SECTION I. 



OF THE METHOD OF PRIME AND ULTIMATE RA- 
TIOS, BY THE HELP OF WHICH THE FOLLOWING 
PROPOSITIONS ARE DEMONSTRATED. 



LEMMA L 

QtiajititieSy and the ratios of qtiantitiesy which, in anyfimie 
time, tend continimlly to eqtuility ; and, before the end of 
^kat time, approach nearer to each other than by ctny given 
difference, become ultimately equal. 

If you deny it, let them be ultimately unequal ; and 
let their ultimate difference be D. Therefore they 
cannot approach nearer to equality than by that given 
difference D. Which is against the supposition. 



LEMMA IL 

If in am/ figure A a c £, terminated by the right lines A a, 
A E, and Ae curve a c £, there are inscribed any num' 
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her of paraUelofframs A b, Be, C d, Sfc, ctmiained un- 
der eqiud bases A B, B C, CD, <^c., and the sides B b, 
C c, D d, Sfc, parallel to A a, the side qfthejf^ure; and 
the parallelograms aKbl, bLcm, cMdn, Sfc, are 
completed. Then, if the breadth ff those paraUdograms 
is diminished, and their number is augmented continually ; 
I say, that the idtimate ratios, which the inscribed fiyure 
AKbLcMdD, the circumscribed figure A a 1 b m 
c n d o £, and the curvilinear figure A a b c d £, haxe 
to each oilier, are ratios qfequaUty* — (Fig* !•) 

For the difference of the inscribed and circumscri- 
bed figure is the sum of the parallelograms K /, L 7», 
M fi, D o, that is (because of the equality of all their 
bases,) the rectangle under one of thei^ bases K i, 
and the sum of their altitudes A a ; that is, the rec- 
tangle A B Z a. But this rectangle, because its breadth 
A B is diminished indefinitely, becomes less than any 
given rectangle. Therefore (by Lem. I.) the inscri- 
bed and circumscribed, and much more the inter- 
mediate curvilinear figure become ultimately equal. 
Which was to be demonstrated. 



LEMMA III. 

The same ultimate ratios are also ratios of equality, when 
the breadths A B, B C, C D, <^c. of ifw parallelogram's 
are unequal, and are all diminished indefinitely. 

For let A F be equal to the greatest breadth ; and 
let the parallelogram F A a y be completed. This 



will be greater than the difference of the inscribed 
and circumscribed figures ; but, because its breadth 
A F is diminished indefinitely, it will become less 
than any given rectangle. Which was to be demon- 
strated. 

Cor. 1. Hence the ultimate sum of the evanescent 
parallelograms coincides in every part with the cur- 
vilinear figure. 

Cor. 2. Much more does the rectilinear figure, 
which is comprehended nnder the chords of the 
evanescent arcs a b^ h c, c d^ &c. ultimately coincide 
with the curvilinear figure. 

Cor. S. As also the circumscribed rectilinear figure, 
which is comprehended under the tangents of the 
same arcs. 

Cor. 4. And, therefore, these ultimate figures (as 
to their perimeters a c £,) are not rectilinear, but 
curvilinear limits of rectilinear figures. 



LEMMA IV. 

If in twofiffures A a c £, P p r T, iJtere are inscribed (as 
before) two series of paraUelogramsy an eqtud nvimber in 
each; and, their breads being diminished indeJinMy^ 
if the ultimate ratios of the paraUdograms in one figure 
to those in the other ^ each to eaeh respectively are the 
same ; I say^ that those two figures A a c £, P p r T, 
are to each o^er in that same rofio^— (Fig. 2.) 

For, as the parallelograms in one are severally to 
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the parallelograms In the other; so, by compositiotf^ 
is the sum of all in one to the sum of all in the other ; 
and so is one figure to the other ; because (by Lem. 
III.) the former figure is to the former sum, and the 
latter figure to the latter sum, in the ratio of equality* 
"Which was to be demonstrated. 

Cor, Hence, if two quantities of any kind are any 
how divided into an equal number of parts : and those 
parts, when their number is augmented, and their 
magnitude diminished indefinitely, have a given ratio 
to each other, the first to the first, the second to the 
second, and so on in order ; the whole quantities will 
be, one to the other, in that same given ratio. For, 
if in the figures of this Lemma, the parallelograms 
are taken to each other in the ratio of the parts, the 
sum of the parts will always be, as the sum of the 
parallelograms ; and, therefore, the number of the 
parallelograms and parts being augmented, and their 
magnitudes diminished indefinitely, those sums will 
be in the ultimate ratio of the parallelogram in one 
figure to the correspondent parallelogram in the 
other ; that is, (by the supposition) in the ultimate 
ratio of any part of the one quantity to the corres** 
ponding part of the other. 



LEMMA V. 

AU homologous sides of similar figures y whether curvilinear 
or recHUnear, are proportional ; and the area* are in the 
duplicate ratio of^ homdogous tides. 
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LEMMA Vi. 

j(jf any arc A C B, given, in position^ is subtended by its 
chord A B, and in any point A, in the middle of a con" 
tinued curvature, is touched by a right line A D, produced 
both ways; then, if the points A and B approach one ano- 
ther and meet; I say thai the angle BAD, contained be" 
Iween the chord and the tangeniy will be diminished in" 
definitelyy and will idtimately vanish,r-^Tig, 3.) 

For, if that angle does not vanish, the arc A C B 
will contain with the tangent A D an angle equal to 
a rectilinear angle ; and, therefore, the curvature at 
the point A will not be continued. Which is against 
the supposition. 



LEMMA VII. 

The same tbrngs being supposed, I say^ that the tdHmate ra- 
tio of the arcy the chordy and the tangent, to each other, is 
the ratio ofeqwdkty. 

For, while the point B approaches towards the 
point A, let A B and A D be considered as produ- 
ced to the remote points h and d^ and let ^ d! be drawn 
parallel to the secant B D. Let the arc A c & be al- 
ways similar to the arc A C B. 'Then, supposing the 
points A aiid B to coincide, the angle d h^b will van- 
ish, by the preceding Lemma; and, therefore, the 
right lines Kb^ k.d^ which are always finite, and the 
intermediate arc A c ft will coincide, and become 

B 
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trqual among themselves. Wherefore, the right Ones 
A B, AD, and the intermediate arc A C B, which 
are always proportional to the former, will vanish ; 
and will ultimately acquire the ratio of equality. 
Which was to be demonstrated. 

Cor. !•— (Fig, 4.) Whence, if through B be drawn 
B F parallel to the tangent, always cutting any right 
line A F, passing through A, in F ; this line B F will 
ultimately have the ratio of equality to the evanescent 
arc A C B ; because, completing the parallelogram 
A F B D, it always has the ratio of equality to A D» 

Cor. 2. And, if through B and A more right lines 
are drawn, as B £, B D, A F, A O, cutting the tan- 
gent A D, and its parallel B F ; the ultimate ratio of 
all the abscissae AD, A £, B F, B G, and of the 
chord, and arc A B, to each other, will be the ratia 
of equality. 

Cor. 3. And, therefore, in all our reasonings about 
ultimfite ratios, we may freely use any one of these 
lines for any other. 



LEMMA VIII. 

^tAe right tines A R, BR, wit/i the arc A C B, the chord 
A B, and the tangent A D, constitute three triangles R A B, 
RACE, RAD, and tlien the points A and B approach 
to each other ; I say^ that the ultimate form of the evanes- 
cent triangles is that of similitude, and the tdtimate ratio 
that of equality^-— (Fig. 3.) 

For, while the point B approaches towards the 
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]>oint A, consider always A B, A D, A R^ as prodii- 
<;ed to the remote points b, d^ and r ; and r bd, q» 
drawn parallel to B D ; and let the arc A c 6 be al- 
ways similar to the arc A C 6. And, supposing the 
points A and B to coincide, the angle b A d will van- 
ish ; and, therefore, the three trian^es r A &, r A c &, 
r Ad, which are always finite, wiU coincide; and, on 
that account, become both similar and equal. There- 
fore the triangles R A B, R A4G B, RAD, which 
are always similar and proportional to these, will ul- 
timately become both similar and equal among them- 
selves. Which was to be demonstrated* 

Cor, And hence, in all our reasonings about ulti- 
mate ratios, we may indifferently use any one <»f these 
triangles fi>r any other. 



LEMMA IX 
If a right Une A £, and a curve line ABC, £fiven in post' 
tiouy cut each other in a -given angle A ; and to that rig fit 
Umy in mnoAet given en^y BDyCE are ordinatelt/ ap- 
fUedi ntutmg ihe^cwve «» B, € ; mid thepointe B and C 
togeAer appsnomji towmk ^ point A^ J say^ ^latihe 
4Brm$ ^ &» tsriangks A B D, ACE, vAU uUimatdybef 
one to the other ^ in the dt^Ucate ratio of the ^ide^^— (Fig. 
S.) 

For, whjUe ^be pomts B, C approach to^^aids the 
point A9 suppose always A D to be produced to the 
remote points d and e, so that A d^ Ae, may he pro- 
portional to A A A £; and let the ordinates db^ ec^ 
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be erected parallel to the ordinates D B, EC, and 
meeting A 6, A C produced in b and c. Let the 
curve A i c be drawn similar to the curve ABC; 
and also the right line A g^ which may touch both 
curves in A, and cut the ordinates D B, E C, 1/ &, ^ r, 
in F, O^fig. Tlien, supposing the length A e to re- 
main the same, let the points B and C meet in the point 
A ; and, the angle c A g vanishing, the curvilinear 
areas A bdy A c ey will coincide with the rectilinear 
areas AJ^d^ Age; and, therefore, (by Lem. V.) will 
be in the duplicate ratio of the sides Ad, A e. But 
the areas A B D, ACE, are always proportional to 
these areas ; and the sides AD, A £ to these sides. 
Therefore also, the areas A B D, ACE are ulti- 
mately in the duplicate ratio of the sides AD, A E. 
Which was to be demonstrated. 



»tf9^ 



LEMMA X. 

The spaeeSf which a body describes by any finUe force urging 
ity whether that force is determined and immutabk^ cr is 
coniinucdly augmented or continuaify dimimshedy arcy in 
the very beginning of the motion^ in the df/^pUoate ratio cf 
the times* 

Let the times be represented by the lines AD, A E; 
and the velocities generated in those times by the 
ordinates D B, EC: and the spaces, described with 
these velocities, will be as the areas A B D, ACE, 
described by these ordinates ; that is, at the very be- 
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ginning of the motion (by Lem. TX.) in the duplicate 
ratio of the dmes AD, A E. AVhich was to be de- 
monstrated. 

Cor, 1. And hence it is easily inferred, that the 
errors of bodies, describing similar parts of similar 
figures in proportional times, which ate generated by 
any equal forces, similarly applied to the bodies, and 
are measured by the distances of the bodies from 
those places of the similar figures, at which, without 
the action of those forces, the bodies would have ar- 
rived in those proportional time^ are nearly in the 
duplicate ratio of the times in which they are gene- 
rated. 

Cor. 2. But the errors, which are generated by 
proportional forces, similarly applied, at similar parts 
of similar figures, are as the forces and the squares 
of the times jointly. 

Cor. S. : The same thing is to be understood of any 
spaces whatsoever, described, by bodies which are 
urged with different forces. These are, in the very 
beginning of the motion, as the forces and the squares 
of the times jointly. 

Cor. 4. And, therefore, the forces are as the spaces 
described in the very beginning of the motion direct- 
ly,, and the squares of the times inversely. 

Cor. 5. And the squares of the times are as the 
spaces described directly, and the forces inversely. 



14 



LEMMA XL 

The evanescent subtense of die angle (^eontad, in aU curves^ 
which at iJie point of contact have a finite curvature^ is 
ultimately in the duplicate ratio of the subtense cfthe cofnr 
terminotis are?^— (Fig. 6.) 

Ca^e L Let A B be that arc, A D its tangent, 
B D the subtense of the angle of contact perpendicu- 
lar to the tangent, A B the subtense of the arc* Let 
AG, B G be erected perpendicular to the subtense 
AB and the tangent AD, meeting in G; then let 
the points D, B, G, approach to the points d, b, g ; 
and let I be the ultimate intersection of the lines B G, 
A G, supposing the points D, B, to approach conti- 
nually to A. It is evident, that the distance G I may 
be less than any assignable. But, (from the nature 
of circles passing through the points A BG, Abg) 
A B* = A G X B D, and Aft* = Ag X « rf; and 
therefore, the ratio of A B* to A ft* is compounded 
of the ratios of A G to Ag^, and of B D to ft A But, 
because G I may be assumed less than any fi3signable 
lengdi, the ratio of A G to A g may differ from the 
ratio of equality, less than by any assignaUe differ- 
ence ; and, therejfore, the ratio of A B* to A ft* may 
differ from the ratio of B D to ft e^ less than by any 
assignable difference. Therefore, by Lem. I. the ul- 
timate ratio of A B* to A ft* is the same with the 
ultimate ratio of B D to ft £?. Which was to be de- 
monstrated. 

Case 2. Let B D be inclined to A D in any given 
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anglC) and the ultimate ratio of B D to 6 £? will alv/ajr» 
be the same as before ; and^ therefore, the same as 
the ratio of A B^ to A ^r . Which was to be demon- 
strated. 

Case S. Andy although the angle D is not given^ 
but the right line B D converges to a given point, or 
is determined by any other condition whatever ; yet 
the angles D, d, being determined by the same law, 
will always converge to equality^ and approach nearer 
to each other than by any assigned difference ; and 
by Lem. I. will be ultimately equal ; and, therefore, 
the lines B D, 5 (f are in the same ratio to each other 
as before. Which was to be demonstrated. 

Cor. 1. Therefore, since the tangents AD, Adf, 
the arcs A B, A J, and their sines B C, 6 c, become 
ultimately equal to the chords A B, A £ ; their 
squares also will ultimately be as the subtenses B D, 
bd. 

Cor. 2. The same squareis are also ultimately as 
the versed sin<s of the arcs, which bisect the chords, 
and converge to a given paint. For those versed 
sines are as the subtenses B D, ft li. 

Cor. 8. And, therefore, the versed sine is in the 
duplicate ratio of the time, in which a body describes 
the arc with a given velocity. 

Cor. 4. TTie rectilinear triangles A D B, Adb are 
ultimately in the triplicate ratio of the sides A D, 
A d ; and in the sesquiplicate ratio of the sides D B, 
d! ft ; as being in the compound ratio of the sides A D 
and D B, A d and d ft. So also the triangles ABC, 
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Ab e are ultimately in the triplicate ratio of the sides 
B C, i r. What I call the sesquiplicate ratio is the 
subduplicate of the triplicate, which is compounded 
of the simple and subduplicate ratio. 

Cor^ 5. And, because D B^ dby are ultimately 
parallel, and in the duplicate ratio of A D, kdy the 
ultimate curvilinear areas A D B, K db will be (by 
the nature of the parabola) two^thirds of the recti- 
linear triangles A D B, A.db\ and the segments A B^ 
A b will be one-third of the same triangles. And 
hence these areas, and these segments, will be in the 
triplicate ratio, as well of the tangents A D, A cf, as 
of the chords and arcs A B, A 6# 

SCHOLIUM. 

But, we have all along supposed the angle of eon-* 
tact to be neither indefinitely greater, nor indefinitely 
less, than the angles of contact, which circles contain 
with their tangents ; that is, that the curvature at the 
point A is neither indefinitely small, nor indefinitely 
great ; or, that the interval A I is of a finite magni- 
tude. For D B may be taken as A D^ : in which 
case, no circle can. be drawn through the point A, 
between the tangent A D, and the curve A B, and 
therefore the angle of contact will be indefinitely less 
than circular angles. And, by a like reasoning, if 
£> B be made successively as A IH, A D^, A D^^ 
A D*^, &c. we shall have a series of angles of contact 
proceeding continually, whereof every succeeding se- 
ries is indefinitely less thaii the preceding. And if 
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B 8 be made successiTcly as A ]>, A D*, A D"^, 

AD\ A D^, AD', &c. we shall have another se- 
ries of angles of contact, the first of which is of the 
same khid with those of circles, the second indefi- 
nitely greater, and every succeeding one indefinitely 
greater than the preceding. But, between any two 
of these angles, another series of intermediate angles 
of contact may be interposed, proceeding both ways 
indefinitelyj whereof every succeeding angle shall be 
indefinitely greater, or indefinitely less than tlie pre- 
ceding. As if, between the terms A D*, and A D^, 

there was interposed d^aems AD ^t AD ' 9 AD'* 

AD^ Aoi AD\ ADT^, A D'^, A D^, 

&c. And again, between any two angles of this se* 
ries, a new series of intermediate angles may be inter- 
posed, difiering from one another by intervals inde- 
finitely great. Nor is nature confined to any limit. 

Those things, which have been demonstrated of 
curve lines, and the surfaces which they comprehend, 
are easily applied to the cui*ve surfaces and contents 
of solids. But I premised these Lemmas to avoid 
the tediousness of deducing long demonstrations to 
an absurdity, according to the method of the ancient 
geometers. For demonstrations are rendered more 
concise by the method of indivisibles. But, because 
the hypothesis of indivisibles is somewhat harsh, and 
therefore that method is esteemed less geometrical, 1 
chose rather to reduce the demonstrations of the fol- 
lowing propositions to the prime and ultimate sums 

C 
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and ratios of nascent and evanescent quantities; that 
is, to the limits of those sums and ratios : and so to 
premise the demonstrations of those limits, as briefly 
as I could. For hereby the same thing is performed^ 
as by the method of indivisibles ; and those principles 
being demonstrated, we may now use them with more 
safety. Therefore,, if hereafter I shall happen to con- 
sider quantities, as made up of particles, or shall use 
little curve lines for right ones, I would not be un- 
derstood to mean indivisible, but evanescent divisible 
quantities ; not the sums and ratios of determinate 
parts, but always the limits of sums and ratios : and, 
tfiat the force of such demonstrations always dependii 
on the method laid down in the preceding Lemmas* 



SECTION II. 

nOF THE INVENTION OF CENTRIPETAL FORCES. 



PROPOSITION L— THEOREM I. 

"Tliat tht areasy which revolving bodies describe by radii, 
drawn to an immoveable centre rfforccy do both Ueinthe 
same immoveable planes y and are proporHfinai to the times 
in which they are described^ — (^^* 7.) 

Let the time be divided into jequal parts, and la 
the first part of time, let the ixxly, by its power of 
|)ersevering in its state of uniform motion in a right 
line, describe the right line A B. In the second 
part of time, the same would, if not hindered, pro- 
ceed directly to ^, describing the line B c equal to 
A B ; so that by the radii A S, BJS, c.S, drawn to 
the centre, the equal areas A S B, B 8 c, -would be 
described. But when the body is arrived at B, let 
a centripetal force act at once, with a strong impulse^ 
and make the body turn aside from the right line 
Br, and aflei^wards continue ite motion aloog the 
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right line B C. Draw c C parallel to B S, meeting 
B C in C ; and, at the end of tlie second part of time, 
the body will be found in C, in the same plane with 
the triangle A S B. Join S C ; and, because S B 
and C c are parallel, the triangle SBC will be equal 
to the triangle S B c, and therefore also to the triangle 
SAB. Bj a like armament, if the centripetal force 
acts successively iii C, D, £, &c. making the body 
in each single particle of time, to describe the several 
right Unes CD, D E, E F, &c. they will lie in the 
same plane ; and the triangle S C D will be equal to 
the triangle S B C, and S D E to S C D, and S E F 
to S D E« Therefore, in equal times, equal areas are 
described in one immoveable plane ; and, by compo- 
sition, any sums S A D S, S A F S, of those areas 
are to each other, as the times in which they are de*> 
scribed. Let the number of those triangles be aug. 
mented, and their breadth diminished indefinitely; 
and (by Cor. 4* Lem. lit.) their ultimate perimeter 
A D F will be a curve line : and therefore the centri- 
petal force> by which the body is perpetually drawn 
back from the tangent of the curve, will act continu*- 
ally ; and any areas des^ibed SADS, SAFS^ 
which are always proportional to the times of descrip- 
tion, will, id this case also, be proportional to those 
times. Which was to be demonstrated. 

Coy% 1. The velocity of a body, attracted towards 
an immoveable eentre in spaces void of resistance, is 
reciprocally As the perpendicular let fall from that 
centre on the right line that touches the orbit For 
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the velocities in those places A, B, C, D, £, are as 
the bases AB, BC, CD, DE, EF, of eqiial triangles ; 
and these bases are reciprocally as the perpendiculars 
let fall upon them. 

Cor, 2. If the chords A B, B C, of two arcs, suc- 
cessively described in equal times by the same body 
in spaces void of resistance, are completed into a par- 
allelogram A B C V, and the diagonal B V of this 
parallelogram. In the position which it ultimately ac- 
quires, when those arcs are diminished indefinitely, is 
produced both ways, it will pass through the centre 
of force. 

Cor. 3. If the chords A B, B C, and D E, E F, of 
arcs, described in equal times in spaces void of resis- 
tance, are completed into the parallelograms A B C V, 
D E F Z ; the forces in B and E are to each other 
in the ultimate ratio of the diagonals B V and E Z, 
when those arcs are diminished indefinitely. For the 
motions B C, and E F of the body are compounded ^' 

of the motions B c, B V, and E/ E Z : but B V and 
E Z, equal to C c and F^ in the demonstration of 
this proposition, were generated by the impulses of 
the centripetal force in B and E, and are therefore 
proportional to those impulses. 

Cor, 4. The forces, by which bodies in spaces void 
of resistance are drawn back from their rectilinear 
motions, and turned into curvilinear orbits, are to 
each other, as those versed sines of arcs described in 
equal times, which converge to the centre of force, 
and bisect the chords, when those arcs are diminished 
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indefinitely. For such versed sines are half the dia« 
^nals mentioned in Cor. S. 

Car. 5. And, therefore^ those forces are to the 
force of gravity, as the said versed sines, to the versed 
fiines perpendicular to the horizon of the parabolic 
arcs, which projectiles deso'ibe in the same time. 

Cor. 6. The same things hold good when the 
planes in which the bodies are moved, together with 
the centres of force, which are placed in those planes, 
Are not at rest, but move nniformly in aright line. 
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PROPOSITION IL— THEOREM II. 

Every body thai nume$ in any curve Imedescribed in aplane, 
and by a radius dromon to a potni^ either immoveable^ or 
moving forward uM an tmiform rectilinear moHony de^ 
scribes about that point areas proportional to the timesy is 
urged by u centripetai force tending to that point. 

' Case 1. For every body, that moves in a curve 
line, is turned aside from its rectilinear course by the 
action of some force that impels it. And that force 
by which the body is turned oflF from its rectilinear 
course, and is made to describe, in equal times, the 
very small equal triangles S A B, S B C, S C D, &c. 
about the immoveable point S, acts, in the place B^ 
in the direction of a line parallel to c C ; that is, in 
the direction of the line B S ; and in the place C, in 
the direction of a line parallel to df D, that is, in the 
direction of the line C S, Suu It acts, therefore, al- 
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ways in the direction of lines tending to that immove'^ 
able point S. Which was to be demonstrated* 

Case 2. And it is indifferent, ^diether the sur&ce 
in which a body describes a curvilinear figure is 
quiescent; or moves, together with the body, with 
the figure described, and its point S^ uniformly in a 
right line. 

Cor* 1. In spaces or mediums void of resistance, 
if the areas are not proportional to the times, the 
forces do not tend to the point in which the radii 
meet ; but deviate therefrom in consequentia, or to- 
wards the part to which the motion is directed, if the 
description of areas is accelerated $ but in antecedeniia^ 
if retarded. 

Cor. 2. And, even in resisting mediums, if the de- 
scription of areas is accelerated, the directions of the 
forces deviate from the concourse of the radii^ to- 
wards the part to which the motion tends. 

SCHOLIUM. 

A body may be urged by a centripetal ferce com- 
pounded of several forces. In this case, the meaning 
of the proposition is, that the force, which is com- 
pounded of all, tends to the point S. But, if any 
force acts perpetually in the direction of lines per- 
pendicular to the described surface, this force will 
make the body to deviate from the plane of its mo- 
tion; but it will neither augment nor diminish the 
quantity of the described surface, and is therefore to 
be neglected in the composition of forces. 



S4, 



PROPOSITION IV.— THEOREM IV. 

1%ai iSkt ten t fipel ti d forces if bodies^ wMek by an equable 
moOon deeeribe differemt etrdee^ iend $a the cenim ^ the 
samecireks; arid are to each athetf a$ the eguareecfihe 
ares deembed in eqaal timeSf efpSed to the radd ef Ae 
circles. 

These forces tend to the centres of the curcle% 
(Prop. II. and Cor. 2. Prop. I.) and are to each other 
as the versed sines of arcs, described in equal tinie» 
indefinitely small (by Cor. 4. Prop. I.) ; that is, as 
the squares of the same arcs, applied to the diameters 
of the circles, (by Lem. VII.) and, therefore, since 
these arcs are as the arcs described in any equal times, 
and the diameters are as the radii ; the forces will be 
as the squares of any arcs described in the same time, 
applied to the radii of the circles. Whidi was to be 
demonstrated. 

Cor. 1. Since those arcs are as the velocities of the 
bodies, the centripetal forces are in a ratio com- 
pounded of the duplicate ratio of the velocities di- 
rectly, and of the simple ratio of the radii inversely. 

Cor. 2. And, since the periodical times are in a 
ratio compounded of the ratio of the radii directly, 
and the ratio of the velocities inversely ; the centri- 
petal forces are in a ratio compounded of the ratio of 
the radii directly, and the duplicate ratio of the pe- 
riocUcal times inversely. 

Car. S. Whence it appears, that if the periodical 
times are equal, and dierefore the velocities are as 
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the radii ; tiie centripetal forces will be also as the 
radii ; and the contrary* 

Cor. 4. If the periodical times and the velocities 
are both in the subduplicate ratio of the Tadii ; the 
centripetal forces will be equal among themselves : 
and the contrary. 

Cor. 5. If the periodical times are as the radii, and 
therefore the velocities equal ; the centripetal forces 
will be reciprocally as the radii z and the contrary. 

Cor. 6. If the periodical times are in the sesquipli- 
cate ratio of the radii^ and therefore the velocities re«- 
ciprocally'in the subduplicate ratio of the radii ; the 
centripetal forces will be inversely in the duplicate 
ratio of the radii : and the contrary. 

Cor. 7. And universally, if the periodical time is 
as any power R^ of the radius R, and therefore the 
velocity reciprocally as the power R"*' of the radius ; 
the centripetal force will be reciprocally as the power 
of the radius R***"' : and the contrary. 

Cor. 8. The same things all follow concerning the 
times, the velocities, and forces, by which bodies 
describe the similar parts of any similar figures, that 
have their centres in a similar position within these 
figures, by applying the demonstration of the pre- 
ceding cases to those. And the application is made^ 
by substituting the equable description of areas for 
equable motion, and using the distances of the bodies 
from the centres for the radii. 

Cor. 9. From the same demonstration it likewise 
follows, that the arc, which a body, uniformly re- 
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▼olving in a circle with a giyen centripetftl fi:^ee, 4e^ 
scribes in any time, is a mean proportional between^ 
like diameter c^tfae circle, and the space, which the 
same body, descending by &e same given force,. 
would describe in the same given time* 

SCHOLIUM. 

The case of the sixth corollary is Applicable to the 
celestial bodies (as our countrymen Sir Christopher 
Wren, Dr. Hooke, and Dr. Halley, have severally 
observed) ; and, therefore, in what follows, I intend 
lb treat moi« at large of liws^ things which relate to 
a centripetal force decreasing in* a duplicate ratio of 
the distances from the centres. 

Moreover, by means of jthe pieceding proposition 
and its corollaries, we may discover the pfopprticm 
pf a centripetal force to any other known force, sucfar 
as th^t of gravity. For if a body,^ by means of iti» 
gravity, revolves in a drcle concentric to the earthy 
this gravity is its centripetal foree. But, fyom the 
descent of heavy bodies, the tin^e of one entire revo^ 
lution, as well as the are described in any given time^^ 
is given (by Cor. 9 of this Prop.) And by such 
propositions, Mr. Huygens, in his excellent book 
De Hbrologio Os^illcUorio^ has compared the force 
of gravity with the centrifuge forces of revolving' 
hodies. 
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PROPOSITION VI.— THEOREM V. 

If a Body, in a ^paee void qfruistance, revolves in any criit 
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i^^kaaZ an immoveaMe ^^ientre, and in am, wdf^tnitdy smdM 
time despribes any fmsomb aire ; and the versed sine cf 
ihat arc is st^ffposed to be drawtiy which may -bisect t?ie 
-chord, and beiny produced may pass through the centre cf 
jforce; the centripetal force, in the middle of the arc, wiU 
be as the versed mne direc&y, and the square ^ the time 
inversely. 

For the versed sine, m a given time, is as the force 
{by Cor. 4>; Prop. I.) and increasing the tlslie ki ainy 
ratio, because the arc will be increased in the same 
ratio, the versed sine will be increased in the dupli- 
cate of that ratio, (by Cor. 2 and 3, Lem. XL) ; and 
dierefore is as the force, and the square of the time* 
.Subduct on both sides the duplicate ratio of the time, 
and the force will be as the versed sine directly, and 
the square of the time inversely. Which was to be 
^iemonstrated. 

And the same thing is also easily demonstrated bj 
£!br. 4. Lem. X. 

Con 1. — (Fig. 8.) If a body P, revolving about 
the centre S, describies a curve line A P Qi and*^ a^ 
right line Z P Jl touches that curve in any point P; 
and, from- any other point Q of the curve, Q R is 
^Jrawn parallel to the distance S P, meeting the tan- 
gent in R ; aiid Cj T is drawn perpendicular to the 
distance SP; the centripetal force will be recipro- 

,. SP* X QT* 

cally as the solid ■—' ; if the scdid is token 

^ QR 

of that magnitude which it ultimately acquires, sup- 
posing the points P and Q continually to approach 
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to each other. For Q R is equal to the versed sine 
of double the arc Q P, in whose middle is P : and 
double the triangle S Q P, or S P X Q T is propor- 
tional to the time, in which that double arc is de- 
scribed ; and therefore may be used for the exponent 
of the time. 

Cor. 2. By a like reasoning the centripetal force is 

SY* X QP» 

reciprocally as the solid rr— ; if S Y is a 

Q 11 

perpendicular, let fall from the centre of force on 

P R, the tangent of the orbit. For the rectangle 

S Y X Q P and S P X Q T are equal. 

Cor, 3. If the orbit is either a circle, or touches or 

cuts a circle concentrically, that is, contains with a 

circle an indefinitely small angle of contact or sec- 

tion, having the same curvature and the same radius 

of curvature at the point P ; and if P V is a chord of 

this circle, drawn from the body through the centre 

of force; the centripetal force wijl be reciprocally as 

the solid SY* X P V. For P V = ^^, 

Q R 

Cor. 4?. The same thiqgs being supposed, the cen- 

» 

tripetal force is as the square of the velocity directly, 
and that chord inversely. For the velocity is re- 
ciprocally as the perpendicular S Y, by Cor. 1, 
Prop. I. 

Cor. 5. Hence, if any curvilinear figure A P Q is 
given ; and therein a point S is also given, to which 
a centripetal force is perpetually directed ; the law of 
centripetal force may be found, by which the body 
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P, continually drawn back from a rectilinear course, 

will be retained in the perimeter of that figure, and 

will describe the same by a perpetual revolution. 

That is, we are to find by computation, either the 

, S P X Q T* 
solid ;r-^ , or the solid S Y* X P V, recip- 

rocally proportional to this force. Examples of this 
we shall give in the following Problemjs. 



PROPOSITION VII.— PROBLEM II. 

Let a body revolve in the circumference of a circle ;Uis 
required to fi/nd the law of centripetal force tending to 
any given point,^—(Fig, 9.) 

Let V Q P A be the circumference of the circle ; 
S the given point, to which the force tends, as to a 
centre ; P the body moving in the circumference ; Q 
the next place into which it is to move, and P R Z 
the tangent of the circle at the preceding place. 
Through the point S kt the chord P V be drawn ; 
and, the diameter V A of the circle being drawn, let 
A P be joined ; and let fall Q T perpendicular to 
S P, which produced may meet the tangent P R in 
Z ; and lastly, through the point Q let L R be drawn, 
which may be parallel to S P, and may both meet 
th^ circle in L, and the tangent P Z in R. And, 
because of the similar triangles Z Q R, Z T P, V P A, 
R PS that is Q R L will be to Q T*, as A V* to 



so 



Q R L X P V* 

P V*. And, therefore, , is equal to 

SP* 

Q T*. Let these equals be multiplied into jr:^^ and 

the points P and Q continually approaching, fer RL 

SP* X PV^ 

write P V. Thus we shall find r-rr^ — ^ =: 

S P» X Q T* ^, ^ , ^ 

TT-r . Therefore (by Cor. 1 and 5, Pro- 

position VI.) the centripetal force is reciprocally as 

SP* X PV . ^ 

I~v* * ^^^^ ^ (because A V* is giyeA) recip- 
rocally as the square of the diistance or altitude S'P, 
and the cube ef the chord P V jointly. Which was 
to be found. 

Cor, 1. Hence, if the given point S, to which the 
centripetal force always tends, is placed in the cir- 
cumference of this circle, suppose at V, the centri- 
petal force will be reciprocally as the quadrato-cube 
(or fifth power) of the altitude S P. 

Cor. 2.— (Fig. 10.) The force by which the 
body P in the circle A P T V revolves about the 
centre of force S, is to the force by which the same 
body P may revolve in the same circle, and in the 
same periodical time, about any other centre of force 
R, as R P* X S P, to the cube of the right line S 6, 
which is drawn from the first centre of force S, to 
the tangent of the orbit P G, and is parallel to the 
distance P R of the body from the second centre of 
force R. 
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Fof^ by the construction of this proposition, the 
fermer force is to the latter, as R P* x P 'P 
to 8P* X PV^j that is, as S P x R P* to 
gp3 X PV3 

ST'tS — " * ^^ (because of the sinular triangW 

PI 

PSG, TPV)toSG». 

Cor. 3. The force, by which the body P in any 
orbit revolves about the centre of force S, is to the 
force, by which the same body P may revolve in the 
same orbit, and in the ^ame periodical time, about 
any other centre of force R, as the solid S P X R P*, 
eontained under the distance of the body from the 
first centre of force S, and the square of its distance 
from the second centre of force R, to the cube of the 
right line S G, which is drawn from the first centre 
of force S to the tangent P G of the orbit, and is par- 
allel to the distance R P of the body from the second 
centre of force R. For the forces in this orbit, at 
any point P, are the same as in a circle of the same 
curvature. 



PROPOSITION VIIL— PROBLEM III. 

Let a body move in the semi-circumference P Q A ; it is re^ 
quired to find the law of centripetal forces tending to a 
point Sy so remote^ that aU lines P S, R S drawn thereto^ 
may be taken for parallel^^Yig. 11.) 

From C, the centre of the semi-circle, let the semi- 
diameter C A be drawn, cutting those parallels per- 
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pendicularly in M and N^ and let C P be joined. 
Because of the similar triangles C P M, P Z T, and 
R ZQ, C P* isto PM*, as PR* toQT* ; and, from 
the nature of the circle, P R* is equal to the rectangle 
Q R X RN + QN; or, the pomts P and Q con- 
tinually approaching, to the rectangle Q R X 2 PM. 
Therefore C P* is to PM*, as Q R x 2 P M to 

QT* 2PM5 QT* X SP» 
QT*; therefore ^^=± --^^^and ^-^ 

2PM3 X SP ^ ^ ^ ^ ^, ^ 
— _— . And therefore (by Cor. 1 and 

5, Prop. VI.) the centripetal force is reciprocally as 

2 P M3 ^ S P* , . , . , . 

TT^j f that is, (neglecting the given ratio 

2SP* 

" ^ y^ ) reciprocally as P M'. Which was to be 

found. 

The same thing is likewise easily collected from the 
preceding proposition. 

SCHOLIUM. 

And, by a like reasoning, a body will be found to 
move in an ellipse, or even in an hyperbola, or para- 
bola, by a centripetal force, which is reciprocally as 
the cube of the ordinate, directed to a centre of force, 
at a very great distance. 
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PROPOSITION IX.--PROBLEM IV* 

tjAahody reooive in a spirdtf^ClSf euUingf idl tiie radU 
S Fy S Ct, Sfe. in a givm angk; it is requb^ to Jind (M 
iaio cfcentf^fetaljbree, tending id At tetUtie cf^kMspimi. 
(F%. It.) 

Let the indefinitely small angle P S Q ba given ; 

and because all the angles are given, the species of 

the figure S P R Q T will be given. Therefore the 

QT . QT* 

ratio yr-^ is given ; and • is as Q T ; that is, 

Cj it vj Iv 

(because the species of that figtire is given,) as S P. 
But if the angle P S Q is any way changed, the right 
line Q R, subtending the angle of contact QIP Ik. 
(Lem. XI.) will be changed in the duplicate ratio of 

QT* 

P R or Q T. Therefore the ratio ^ remains 

U it 

the same as before ; that is, as S P. Therefore 
QT» X SP* 

— 77^5 — ^^ ®^ •^ ^9 *^^ O^y ^^- ^* *"^^ ^9 

Prop. VL) the cenfti^ietal force is reciproealfy as tfa^ 
cube of the distance S P. Which was to be found. 



PROPOSITION X.— PROBLEM V. 

Lei a boify revolve in amdlgm; iiiirBqmr^ to^nd Ae 
lanD qf centripetal for9^ tendmf to Ae cadfre i^Ae eUgm. 
(Fig. 13.) 

Lei C A, CB be semi-ases of the ellipse, (ji P, 
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D K other conjugate diameters ; P F, Q T perpen-* 
diculars to those diameters ; Q v an ordinate to the 
diameter G P ; and if the parallelogram Q t7 P R is 
completed, the rectangle P v G will be to Q v*, as P C* 
to C D* ; and (because of the similar triangles Q r Ty 
P C F) Qir» is to Q T», as P C* to P F* ; and by 
composition, the ratio of PvG to Q T* is compound- 
ed of the ratio of P C* to C D*, and of the ratio of 

QT* 

P C* to P P ; that is, vG is to — — as P C* to 

P V 

CD* X P F* 

157;- . Substitute Q R for P v, and (bj 

ST xj 

Conies) B C X C A for C D X P F, also (the 
points P and Q continually approaching) 2 P C for 
V G ; and multiplying the extremes and means 

uTi r QTVXPC* 
tdgether, wc shall nave —~ equal to 

2BC» X CA» 

p-n • Therefore (by Cor. 5, Prop. VI.) the 

2BC* X CA* 
centripetal force is reciprocally as ^-r ; 

« • 

that is (because 2 B C* X C A* is given) reciprocal- 

ly as ^-z; ; that is, directly as the distance P C- 

Which was to be found. 

Cor. 1. And therefore, the force is as the distance 
of the body from the centre of the ellipse ; and, on 
the contrary, if the force is as the distance, the body 
will move in an ellipse, whose c^tre coincides with 
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the centre offeree ; or perhaps in a circle, into which 
the ellipse may be changed. 

Cor. 2. And the periodical times of the revolutions 
made in all ellipses whatsoever about the same centre 
will be equal. For those times in similar eUipses are 
equal (by Cor. S and 8, Prop. IV.) but, in ellipses 
that have their greater axis common, they are to each 
other, as the whole areas of the ellipses directly^ and 
the parts of the areas described in the same time in- 
versely ; that is, as the less axes directly, and the ve- 
locities of the bodies in the principal vertices inverse- 
ly; that is, as those less axes directly, and the ordi- 
nates to the same point of the common axis inversely ; 
and therefore (because of the equality of the direct 
and inverse ratios) in the ratio of equality. 



SECTION III. 

or THE MOTION OF BODIES IN ECCENTRIC 

CONIC SECTIONS. 



PROPOSITION XI.— PROBLEM VI. 

Let a body tevche in cm ellipse ; itis reqtdred to find the 
law of centripetal force tending to the focus (f the eUipee^ 
-(Fig. 14.) 

Let S be the focus of the ellipse. Draw S P, 
cutting the diameter D K of the ellipse in £, and the 
ordinate Q t; in iT ; and let the parallelogram Q^ P R 
be completed. It is evident that E P is equal to 
the greater semi-axis A C : for, drawing H I from the 
other focus H of the ellipse, parallel to E C, because 
C S, C H are equal, E S, E I will be also equal; so 
that E P is half the sum of P S, P I, that is, (because 
of the parallels H I, P R, and the equal angles I P R, 
H P Z,) of P S, P H ; which taken together are equal 
to the whole axis 2 A C. Let Q T be perpen- 
dicular to S P, and putting L for the principal latus 
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2BC* 



Tecttm of the ellipse (or for 5) L X Q R 

will be toL X P», asQRtoPw; that is, as P E, 
or AC to PC; andL X Pt?, toG«;P, asLto 
Gvi andG»PloQt;*as P C* to CD*; and 
(by Cor 2, Lem. VII.) the points Q and P continu- 
ally approaching without end, Q v* is to Q j:^ in the 
ratio of equality ; and Q 4?*, or Q w*, is to Q T* as 
E P* to P F» ; that is, as C A* to P F* ; or, (by Co- 
nics) as C D* to C B*. And compounding all these 
ratios together, LxQRistoQT*, asACx 
L X PC* X CD*, or2CB* X PC* x CD*, to 
PC X GwXCD* X CB*, oras2PCto Gv, 
BiTt» the points Q and P continually approaching 
without end, 2 P C and G v are equal. Therefore 
the quantities L X Q R and Q T* proportional to 
these, are also equal. Let these equals ba multiplied 

SP* 
into ^-p> and L X SP* wiR become equal to 

SP*xQT* ^ ^ ^ 
' ' "iS ' fe * ' " * Therefore (by Cor. 1. and 5. Prop. 

VI.} the centripetal force i& reciprocallfy m L X S P* ; 
that i%y veciprocally in the duplicate ratia of Ih^ duh 
lance S P^ Whick wa& tat)e fi>und» 
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PROPOSITION XII—PROBLEM VIL 
i£tm,bofymiav*knMliglp«rb9kii kitreqwkrtdts findAe 
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law of centripettxl force tending to thefocia (f that figure. 
-(Fig. 15.) 

Let C A, C B be the semi-axes of the hyperbola ; 
P 69 K D other conjugate diameters ; P F a perpen* 
dicular to the diameter K D : and Q v an ordinate to 
the diameter G P. Let S P be drawn cutting the 
diameter D K in E, and the ordinate Q v in a:, and 
let the parallelogram Q R P j? be completed. It is 
evident, that E P is equal to the semi-transverse axis 
A C ; for, drawing H I from the other focus H of 
the hyperbola, parallel to £ C, because C S, C H are 
equal, E S, E I will be also equal ; so that E P is 
half the difference of P S, P I ; that is (because of 
the parallels I H, P R, and the equal angles I P R, 
H P Z) of P S, P H ; the difference of which is equal 
to the whole axis 2 A C. Let Q T be perpendicular 
to S P. And the principal laius rectum of the hy- 

. 2BC» 

perbola (that is . ,) being called L, we shall 

have L X Q R to L X Pv, as Q R to P», or Par 

to P t; ; that is (because of the similar triangles P a? r, 

P E C), as P E to P C, or A C to P C. Also L X 
Pi; will be to G w X P i;, as L to G »; and (by the 
properties of the conic sections) the rectangle G vF 
is to Q ir*, as P C* to C D* ; and (by Cor. 2, Lem. 
VII.) Q 17* to Q^, the points Q and P continually 
approaching without end, becomes a ratio of equality ; 
and Qx» or Qir» is to QT% as E P* to PF*; that 
is, as C A» to P P, or (by Conies) as C D* to 
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C B* : and, compounding all these ratios together, 
LxQRistoQTS asACxLxPC»xCIP, 
or2CB*XPC*XCiytoPCXGi;XCD» 
X C B* ; or as 2 P C to G t;. But the points P and 
Q continaally approaching without limit, 2 P C and 
G V are equal. Therefore the quantities L X Q R 
and Q|T^, proportional to them, are also equal. 

SP* 

Let these equals be multiplied into pr^, and L X 

Ij MX 

, SP X QT* 

S P* wdl be equal to pp^ . Therefore, 

(by Cor. 1 and 5, Prop. VI.) the centripetal force is 
reciprocally as L X S P* ; that is, reciprocally in the 
duplicate ratio of the distance S P. Which was to 
be found. 



PROPOSITION XIIL— PROBLEM VIIL 

Let a body mone in the perimeter of a parabola : it is re* 
quired to find the law of centripetcU force, tending to the 
focus ofthatfigure^'*-(Y\g. 16.) 

Let P be the body in the perimeter of the parabo- 
la, and from the place Q, into which the body is mov- 
ing, draw Q R parallel, and Q T perpendicular to 
S P ; as also Q v parallel to the tangent, and meeting 
both. the diameter P G in v, and the distance S P in ^. 
Now, because of the similar triangles Vxv^ S P M, 
and the equal sides S-P, 8 M of the one, the sides 
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jpjfor QRimd Pv of the other are also eqQul. But 
by the properties of the conic sections, the square of 
die ordinate Qvk equal to the rectangle under the 
lotus rectum^ and the segment P t; of the diameter ; 
that is, (by Conies) to the re^angle 4 PS X Pi^, 
or 4 P S X Q R ; and, the points P and Q approach* 
ing without limits the ratio of Qc? to Qor (by Cor« % 
Leni* VII.) becomes the ratio of equality. Therefore 
Qaf^, in thia case, becomes equal to the rectangle 

4 P S X Q R. But (because of the similar triangles 
Q^T, SPN)Q4:* is to QT*, asPS* toSN»; 
that 19, (by Conies) as P 8 to S A} thi^ k, aa 
4PSX QRto4SAX QR, and therefore 
(by Prop. IX. Lib. V. Elem.) Q T*, and 4 S A X 

SP* 

Q R are equal. Multiply these equals into ^rr-^, and 
- Q K 

5 P* X Q T* 

will become equal to S P* X 4 S A 5? 

and therefore (by Cor 1 and 5, Prop. YL) the een- 
tripetal force is reciprocally as S P* X 4 S A ; that 
is, because 4 S A is given, reciprocally in the dupli- 
cate ratio, of the distance S P« Which was to be 
found* 

C&r. 1. From the three last propositions it foHows^ 
that if any body P goes from a place P, with any 
velocity, in the direction of any right H»e P R, and 
at the same time is urged by the action of a centripe* 
tal forces which is reciprocally proportional to the 
square of the distance of the places from dte centre ; 
this body will move in one of the conic sections, hav- 
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ihg its fbcas in the centre of force ; and the GOtltmry . 
For, the focus, the point of contact, and the portion 
of the tangent being given, a conic section may be 
ijescribed, which at that point shall have a given cur- 
vature. But the curtatore is given from the centri- 
petal force and the velocity of the body being given, 
and two orbits, mutually touching each other, cannot 
be described by the same centripetal force, and the 
same velocity. 

J Car. 2. If the velocity, with which the body goes 
from its place F, is such, that in any indefinitely 
small moment of time the line P R may be thereby 
described | and the centripetal £»rce is such, as in the 
same time to mote that body through the space Q R . 
the body irill move ifi one of the conic sections ; 
whose principal latus rectum is the limits to which 

the quantity ^^ approaches, while the lines P R, 

Q R are continually diminished. 

In these corollaries 1 consider the circle as an el- 
lipse ; and I except the case, where the body descends 
to the centre in a right line. 



PROPOSITION XIV.— THEOREM VI. 

J^ several bodies revolve about one common centrcy and the 
. cMr^fSkU jfffree is te&iprocalfy m the dnpHeate ratio of 
Ae duianee cfpkues from the ceninf Isayf ihai^pH^* 
eipal latera recta of their orhke are in the dutpUeate roti^ 

F 
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of the areasy which the bodiesy hy radU dranofn to die 
trcy d^cribe in the same <iiiitfi«>--(Fig. 8.) 

For (by Con 2, Prop. XIII.) the latus rectum L 

is equal to the limit, to which the quantity "X^ 

approaches, while the distance of P and Q is conti- 
nually diminished. But the small line Q K, in a 
given time, is as the generating centripetal force; 
that iSf (by supposition) reciprocally as S P*. Tbere- 

fore ^^isasQT» X SP; that b, the latus reo^ 

turn L is in the duplicate ratio of the area Q T X 
S P. Which was to be demonstrated. 

Cor. Hence the whole area of the ellipse, and the 
rectangle under the axes^ proportional to it, is in the 
ratio compounded of the subduplicate ratio of the /a- 
tus rectum^ and the ratio of the periodical time. For, 
the whole area is as the area Q T X S P, which is 
described in a given time, midtiplied into the perio- 
dical time. 



PROPOSITION XV.— THEOREM VII. 

The same things being supposed^ I say^ that the periodical 
times in ellipses are in the sesquipUcaie ratio ef their 
greater axes. 

For the less axis is a mean proportional between 
the greater axis and the latus rectum ; and, therefore, 
the rectangle under the axes is in the ratio com* 



• "•»». 
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pounded of the subduplicate ratio of the latm redtum^ 
and the sesquiplicate ratio of the greater axis. But 
this rectangle (by Cor. Prop. XIV.) is in a ratio, 
compounded of the subduplicate ratio of the latm 
rectum^ and the ratio of the periodical time. Sub- 
duct from both sides the subduplicate ratio of the 
lotus rectuMy and there will remain the sesquiplicate 
ratio of the greater axis equal to the ratio of the pe- 
riodical time. Which was to be demonstrated. 

Cor. Therefore, the periodical times in eflipses are 
the same as in circles, whose diameters are equal to 
the greater axes of the ellipses. 



PROPOSITION XVI.— THEOREM VIIL 

The same things being stqjposedy and right lines being drawn 
to the bodies f which touch the orbits ; and perpendiculars 

. being let fail on these tangents from the common focus: I 
sag, that the velocities of the bodies are in a ratio comr 
pounded qf the ratio of the perpendiculars inversely y and 
the subduplicate ratio cf the principal latera recta dir 
rec^.— (Fig. 8.) 

From the focus S draw S Y perpendicular to the 
tangent P R, and the velocity of the body P will be 
reciprocally in the subduplicate ratio of the quantity 

SY* 

— — . For that velocity is as the indefinitely small 

arc P Q described in a given moment of time ; that 
is, (by I«em. VIL).as the tangent P R; that is, be- 
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cause of the proportionals PBtoQT«nd$Pto 

.« SP X QT 

5 Y, as — , or as S Y reciprocally and 

6P X QT directly; but SP x QTis as tbaaw* 
described in • gvffsn time ; tbat is, (by Prop. XIV.) 
in the sobd«idieate ratio of tJbe UUu$ rectum. WUdi 
was to be demonstraled. 

Cor. 1» The principal kitera reda are in a ratia 
compounded of the dupUeato ratio of tjie perp^idi^ 
oulnrs, and the duplicalie raiUo of the velocities. 

Cor, 2. The velocities of the bodies^ in ibeir great* 
est and least distances from tbe CPloiaoii foe«a» are in 
the ratio compounded of the ratio of the distances 
inversely, and the subduplicate ratio of the principal 
latera recta directly- For the perpendiculars are 
now the distances. 

Cot. S. And dierefore the velocity in a conic sec- 
tion, at its greatest or least distance from the focus, 
is to the velocity in a circle at the same distance from 
the centre, in the subduplicate ratio of the principal 
latvs rectum to double that distance. 

Cot. 4. The velocities of bodies revolving in ellip- 
ses, at their mean distances from the common focus, 
are the same as those of bodies nevalving in circles, at 
the same distances : that is, (by Cor. 6, IVop. IV.) 
x^eeiprceally in the subduplicate ratio of the dktance«> 
For the perpendiculars are now the less semi-axesi, 
and these are as mean proportionals between the dis- 
tances and the latenEi, recta. iM tbis ratio imversely 
be compounded with tbe fubdupUcate JfMio of the 



«5 

ioiterfiL r^t^a direetly, and we $haU b$ye the siibdupli- 
OAie mtiP <9f the df stSDC^ inversely; 

Cor. 5. In the s^^l^ %ure» pr even in different 
iigMjrei^ wJipse prineipal ^/«r<i recta «|pe equal, the 
yeldeiljr of » body is r^ciprocaUj 9» the perpendicular 
Irt fai) from the £^i«» <o» tbe t«i»g^t. 

CoTp $^ Ja « pariibQlA, Uie v^o^ily \b reoiprocally 
m Ihe «ubdiipUc«(e ratio pf (h^ di^iM^)^ ^ the hody 
from tbe fpeivB ^ the i%»iif^ : in the ellip$e it i$ n^Mi^ 
Tiriedf And in the h}^ri^(i k^$ ib^sui accprding tp 
thifi mtja. For (by Cpoies) tfce per pendifsniar M; fali 
fiom tihe fattt9 pn the tangenit of a parabola i«( in Ihe 
9iibdii[dicate nMJo of ^ dii»tefu)fu Jo ibe hyperbohi 

the perpendicular is less varied ; in the ellipse fOPI^ 
Cor, 7. In a parabola, the velocity of a body, at 
any distance from the focus, is to the velocity of a 
body revolving in a circle at the same distance from 
the centre, in the subduplicate ratio of the number 
2 to 1 ; in the ellipse it is less, and in the hyperbola 
greater, than according to this ratio. For (by Cor. 
2 of this Prop.) the velocity at the vertex of a para- 
bola is in this ratio, and (by Cor. 6 of this Prop, 
and Prop. IV.) the same prc^ortion is preserved in 
all distances. And hence also in a parabola the ve- 
locity is every where equal to tlie velocity of a body 
revolving in a circle at half the distance ; in an ellipse 
it is less ; in an hyperbola greater. 

Cor. 8. The velocity of a body, revolving in any 
conic section, is to the velocity of a body revolving 
in a circle, at the distance of half the principal latus 
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rectum of the section, as that distancei to the perpen- 
dicular let fall from the focus on the tangent of the 
section. This appears by Cor. 5. 

Car. 9. Since (by Cor. 6, Prop. IV.) the velocity 
of a body, revolving in this circle, is to the velocity 
of a body, revolving in any other circle, recipnxrally 
in the subduplicate ratio of the distances ; therefore 
ex sequo the velocity of a body, revolving in a conic 
section, will be to the velocity of a body revolving in 
a circle at die same distance, as a mean proportional 
between that common distance, and half the principal 
latus rectum of the section, to the perpendicular let 
fell from the common focus upon the tangent of the 
section. 
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GEKERAL INTRODUCTION 



TO THE 



THREE SECTIONS- 



Of the Method of E^haiistion^^ 

Art. 1. XJEFORE we enter upon the consideration 
of the doctrine of Prime and Ultimate Ratios, it may 
be of use to observe the steps by which the ancients 
were able, in several instances, from the mensuration 
of right-lined figures, to judge of such as are bound* 
ed by curve lines : Jbr as they did not allow themselves 
to resolve curvilinear fgures into rectilinear elements^ 
it is worth while to examine by what art tliey could 
make a transition from the one to the other. 

J. They found that similar triangles are to eiach 
other in the duplicate ratio of their homologous 
sides ; and by resolving similar polygons into similar 
triangles, the same proportion was extended to these 
polygons also. But when they came to compare cur- 
vilinear figures, which cannot be resolved into recti* 
linear parts, this method failed. In these instances, 
they had recourse to what is called the Method of 
Exhaustions ; the principle of which consisted, first, 
in describing upon ike curvilinear space a rectilinear 

G 
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one, which, though not equal to the other, yet migbt 
differ less from it than by any assignable Quantity ^ 
and secondly, in investigatiog the truth or falsehood 
of every supposition that could possibly be made 
contrary to the proposition to be proved; and by 
reducing every sudi supposition to an absurdity, 
thence indirectly inferring the truth of the proposi- 
tion itself. For instance, in comparing the areas of 
two circles, they inscribed in each similar polygons, 
which, by increasing the number of their sides, con- 
tinually approached to the areas of the circles, so 
that the decreasing differences betwixt each circle 
and its inscribed polygon, by still further and further 
divisions of the circular arcs, could become less than 
any quantity that can be assigned : they found that 
all this while the similar polygons observed the same 
invariable ratio to each other, viz. that of the squares 
of the diameters of the circles. Upon . this they 
founded their demonstration; and by shewing that 
some absurdity must follow if we suppose the circles 
tx> be to each other in a greater or in a less ratio than 
the squares of the diameters, they ccmdnded that 
they must be in that very ratio. But as one com- 
plete instance may serve better than any general de- 
scription, to exemplify their reasoning, let the follow- 
ing Theorem be proposed to be demonstrated by the 
Method of Exhaustions* 

3. 77ie area of a circle is equal to half the product t^ its ra- 
dius amd eircumference^-^Vig, 17.) 

Let bdy the base of the right Z* A abd, be sup- 
posed equal to the circumference of the circle A B D, 
at =z radius C A, E F G H any equilateral polygon 
described about the circle, A B D K a similar poly- 
n inscribed in it. As the circumscribed polygon 
FGH is greater than the circle, so it is greater 
than the triangle abd (being = to a a whose altitude 
w C A or a J, and base = perimeter E F G H, 
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iphich is always ^eater than b d, the circumferenceof 
the 0). The inscribed polygon is less than the 0, 
and it is also less than the a abd^ (being = to a a 
whose altitude =: O Q, which is less than C A or a d^ 
and base =: to its perimeter A B D K, which is less 
than the circumference b^) ; «*. the and the a 
ubd are both constantly limits betwixt the external 
and internal polygons E F G H, A B D K. Let the 
3rc A B be bisected in L> and the tangent at L meet 
A E; B E in M and N» and the Z £ L M being a 
right Z, E M must be greater than L M or M A» 
the A ELM greater than A L M, iind E M N 
greater than the sum of the a** A L M, B L N, and 
^consequently greater than half the space E A L E^ 
bounded by the tangents E Ay E B, and the arc 
A L B; .'« (by Euclid 1. 10 B, the foundation of tfita 
method) the circumscribed polygon may af^oach to 
the nearer than by any assignable quantity. The 
inscribed polygon may also approach to the nearar 
than by aqy assignable quantity, as is shewn in the 
Elements of Euclid, .\ the and the a a &d, which 
are both limits betwixt these polygons, must be equal 
to each other. For if the ^ abdhe not == to the 
circle, it must either be greater or less than it If the 
A a & df he greater than the 0, then since the external 
polygon, by encreasing the number of its sides, may 
be made to approach the so as to exceed it by a 
quantity less than any difference that can be supposed 
to exist between it and the A a bdy it fellows that the 
external polygon may become less than that a, 
which is absurd. If the a abdbe less than the 0^ 
then the inscribed polygon, by being made to ap- 
proach the 0, may exceed that a, which is also 
absurd > Hence the circle and a are equal to each 
other. ' 

4. Archimedes in this demonstration does not sup^ 
pose the circle to coincide with a circumscribed equilk'* 
teral polygon of an infinite number of sides, but pro- 
ceeds in a more accurate and unexceptionable manner. 
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And in this consists the error of many writers, who 
have asserted that curve lines were considered by the 
ancient geometers as polygons of an infinite number 
of sides. But this principle no where appears in 
their writings ; we never find them resolving any 
figure or solid into infinitely small elements : on the 
contrary, they seem to avoid such suppositions, even 
when their demonstrations might have been some- 
times abridged by admitting them. For instance, if 
they could have allowed themselves to have consider- 
ed circles as similar polygons of an infinite number 
of sides ; after proving that any similar polygons in- 
scribed in circles are in the duplicate ratio of their 
diameters, they would have immediately extended 
this to the circles themselves. But there is ground 
to think, that they would not have admitted a demon- 
stration of this kind. It was a fimdamentaJ principle 
with them, on which, as Archimedes expressly asserts, 
they founded their propositions on curvilinear figures, 
that the difierence of any two unequal quantities may 
be added to itself until it exceed any proposed finite 
quantity of the same kind. But this principle seems 
to be inconsistent with the admitting of an infinitely 
small quantity or difference, which added to itself 
any number of times, is never supposed to become 
equal to any finite quantity whatsoever. The an- 
cients, therefore, considered curvilinear areas as the 
limits of circumscribed or inscribed figures of a more 
simple kind, which approach to these limits, (by a 
bisection of lines or angles, that is continued at plea- 
sure) so that the difference betwixt them may become 
less than any given quantity. The inscribed or cir- 
cumscribed figures were always conceived to be of a 
magnitude land number that is assignable ; and from 
what had been shewn of these figures, they demon* 
strated the mensuration or the proportions of the 
curvilinear limits themselves, by arguments ab abm 
surdo. 
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Of the Method of Indivisibles. 

5. The doctrine of Exhaustions, as delivered by 
Archimedes, being considered tedious and prolix by 
the modern geometers, various methods were propo- 
sed for the purpose of simplifying and abridging his 
demonstrations. It was thought unnecessary to con- 
ceive the figures circumscribed about, or inscribed in, 
the curvilinear area or solid, as being always assign* 
able and finite ; and, therefore, instead of the assign- 
able finite figures of Archimedes, indivisible or infi- 
nitely small elements were substituted, and these being 
imagined indefinite or infinite in number, tlieir sum 
was supposed to coincide with the curvilinear area or 
solid. 

6. It was upon these principles that Cavalerius, in 
the 17th century, founded what is called the Method 
of Indivisibles. In this doctrine, lines were conceiv- 
ed to be made up of an indefinite number of points, 
superficies of lines, and solids of superficies ; and in 
computing the magnitudes or proportions of areas or 
solids, they computed the sum of all the indivisible 
elements of which the area or solid is composed. 
Thus for example, a a was conceived to be made up 
of an indefinite number of lines parallel to the base, 
and consequently the area of the a was equal to the 
sum of all these parallel lines. Now to find the sum 
of these parallel lines, we have t>nly to conceive them 
as a set of quantities in arithmetical progression*-die 
1st term bemg 0, and the last term the base of the 
A, and the number of terms the perpendicular ; •'. 
the sum of the series, or the area of the a, will = 
base X ^ the perpendicular. 

7. Ex. 2.^— 7b Jind the ratio beiwixt the sphere and its 
circumscribing cylinder hy the method of indivisibles^ — 
(Fig. 18.) 

Let the cylinder N M, the cone NOR, and the 
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faemii>phere M T S be cut by planes parallel to the 
base, one of which is C S K D C ; then S O* = C D* 
= SD* + DO* =SD* + DK%/.CD» = SD* 
+ D K'; and this is true for every section parallel 
to the base ; .'• since the circles of which these lines 
are the ^ diameters are as the squares of the said ^ 
diameters, it follows that the sum of all the circles in 
the ^ sphere, together with the sum of all the circles 
in the cone = the sum of all the circles in the cylin- 
der ; the cylinder itself /., which is composed of these 
circles, is = to the ^ sphere and cone together ; but 
the cone is a third part of the cylinder ; this therefore 
being deducted, tliere remains ^ sphere : cylinder 

::2 : s. 

8. In this doctrine then we see, that by the admisr 
sion of infinitely small quantities, the old foundation 
of geometry was abandoned, and suppositions resort- 
ed to which had been avoided by Archimedes. And 
though the new geometry had much the advantage 
over the ancient in point of conciseness ; yet the for- 

. mer was much inferior to the other in the certainty 
of its deductions. For as this doctrine was inconsis- 
tent with the strict principles of geometry, so it soon 
appeared that there was some danoer of its leading to 
false conclusions. And after men had indulged them* 
selves in admitting quantities that were not assign- 
able, and in supposing such things to be done as 
could not possibly be effected (against the constant 
practice of the ancients), and had involved themselves 
in the mazes of infinity, it was not easy for them to 
avoid perplexity, and sometimes error. 

9. To shew the caution which should be used in 
the application of this doctrine, the following exam- 
ple may be sufficient. If a be considered as a 
polygon of an infinite number of sides, and *'• an in- 
finitely small arc be supposed perfectly to coincide 
with its chord, it follows that the time of the vibra- 
tion of a pendulum in this arc = the time of descent 
down its chord ;— but, by meclijanics> the ratio of the 
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times is that of the 4)usdcaiBt of a to its diameter^ 
ISar can this cUfficnlty be removed except the arc be 
wain divided into ja infinite number oi indivisible 
dements, infinitely less than the funner ; i. e. we must 
have recourse to infinitesimals of the 2d order.* 



Of the Doctrine of Prime and Ultimate Ration, 

Art. 10. Having taken a general view of the an- 
cient geometry, as it existed in the time of Archi- 
medes, and the changes effected in it by the modern 
mathematicians, previous to Newton^s time ; we may 
now proceed to the consideration of the doctrine of 
Prime and Ultimate Ratios, which was invented by 
Sir I. Newton, for the purpose, as he himself says, of 
avoiding, on the one hand, the tedious demonstra- 
tions of the ancient, and on the other, the inaccurate 
and objectionable positions of tfie modem geometers^ 
In this doctrine, magnitudes are not supposed to con- 
gist of indivisible parts, but to be generated by con- 
tinued motion. Lineae nempe (as Newton says) 
describuntur, ac describendo generantur, non per ap- 
positionem partium, sed per motum continuum punc- 



* There is no such ^f&cvXty when the method of prime antf 
ukimaAe ratios is applied to this case ; for, though the are and 
chcMrd approxiinate to equality, the times of descending along 
them do not approximate ; for, by the doctrine of limits, no 

Iiart of a curve, how small soever, can ever be taken for a right 
ine : but even when they so far approach to each other, that 
their lengths may be taiken as equal, the curve still remains a 
curve ; its iocliftation ia -diierent frofli that of the chord ; the 
accelerating force aloi^ the curve perpetnally varies, while the 
accelerating force along the chord remains constant, and con- 
sequently me times of describing these spaces are unequal, even 
supposing th«ir lengths the saaie. 



66 

torum; superficies per motum linearum, «olida pet 
motam superficierum^ snguli per rotationem laterum^ 
tempora per fluxiun continuum, & sic in cseteris. 
Hae geneses in rerum natudi locum veri habent, & 
in motu corporum auotidid cemuntur^ This me-i 
thod of conceiving all variable quantities to be gene- 
rated by motion is the characteristic feature, which 
distinguishes both this doctrine, and also that of flux- 
ions, 

11. This being premised, we now go on to the 
doctrine itself, the principle of which is contained in 
the following definition : — Let there be two quan- 
tities, one fixed, and the other varying, sib i^elated to 
each other that (1) The varying quantity, by a per- 
petual augmentation or diminution, continually ap- 
proaches to the fixed quMitity. (2) That the vary- 
ing quantity does never pass beyond or even actually 
reach that which is fixed. (S) That the varjring 
quantity approaches nearer to the fixed quantity 
man by Bny assignable difierence ; then, upon the 
fulfilment of these three conditions, the fixed quantity 
is called the LimU or Ultimate Magnitude of the 
varying quantity. 

12. Ex. — According, to this definition the O de- 
scribed Art. 3, is the limit of the polygon circumscrib- 
inff it# For, as was shewn in that Art, (1) this 
pcuyffon, by encreasing the number of its sides, con- 
tin ufuly approaches to the area of the 0. (2) It can 
never become less than the 0, or even equal to it 
(3) By continually encreasing the number of its 
sides, it may at length approach nearer to the than 
by any assignable quantity. The •*• having the 
conditions laid down in the last Art. is the limit of 
the poison. 

13. Tne explanation given' in Art« 11, of quan- 
tities which have limits^ is also to be extended to the 
limits of ratiosr The definition may be thus stated. 
If there be two quantities that are (one or both) con- 
tinually varying, either by being continually aug- 
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thenteAf ot eontinually dimiiiished ; and if the catio 
they bear to each other does^ by this means, perpe- 
tually vary, but in such a manner, that (1) thisrary- 
ing ratio continually approaches to some determined 
ratio ; (2) that the varying ratio does never pass be- 
yond, or even actually reach, the fixed ratio; (3) that 
the varying ratio approaches nearer to the fixed ratio 
than to any other that can be assigned : then, upon 
the fulfilment of these three conditions, the deter- 
mined ratio is called the limiting or tdtiMate ratio of 
the varying one. 

14. Eon. 1. — Let X be any varying quantity; make 
4< :f* + 3 ^ =: A, and 2 ^ + ^ =s B, then will A 
and B also be varying quantities, as depending upon 
XI when x vanishes, A and B will both vanish ; and 
when X is infinite, they will both be infinite : I say, 
that the determined R®. 3 : 1 is the limiting R**. of 
A : B, while x decreases in infinitum. For the H**, 
A : B = the R^ 4 j: + 3 : 2 or + 1 ; .'. (1) as x 
decreases, A : B approaches to the R^ 3 : 1 ; (2) 
the R**. A : B can never exceed, or even reach, that 

of 3 : 1 ; for 6 ^* + 3 J? : ? ^ + J? :: 3 : l, but 

6 d?* + 3 ^ is greater than 4ar* + 3d?;.'. 4^* + 
8 4? is always in a less R^. to 2 .r* + .r than the R**. 
3 : 1 ; (3) the Ratio A : B will approach nearer to 
that of 3 : 1, than to any other that can be proposed ; 
for 4 X and 2 x may become less than any assimable 
quantity, by the diniinution of x ; consequently the 
R*'. 3 : 1 is the limiting R^ of 4 x* + 3 jr : 2 a:* 

Ex. 2. — Taking the same R^. as before; I say, 

that while x increases in infinitum, the determined 

11°. 2 : 1 is the limiting R°. of A : B; for the given 

^ , . S 1 

R^ = that of 4 + — : 2 + — ; .% (1) the Ratio 

X X 

A : B approaches that of 2 : 1 ; for as x increases 

3 1 

— and — decrease ; (2) the R°. A : B can never be 

X X 

H 
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less than, or even equal to, the R^ 2 : 1 j fdr»*-a^ 
+ 2'x : 2a^ + x::2: I; .'. 4 ^ + 3 j: is always 
to 2 ,r* + ^ in a greater R®. than that of 2 : 1 ;: 
(3) the R^. A : B will approach nearer to that of 
2 : 1 than to any other diat can be proposed; for 

3 1.. 

— and — f by increasing, x^ may become less than~ 

any assignable quantity; consequently the R°. 2:1' 
is the limiting R°. of 4^ + Sx : 2 jc^ + x. 

15. We see then in the two last Examples, that 
though diminishing Xy and- consequently diminishing 
the terms A and B, increases their R°. ; and con« 
trariwise increasing these terms^ by increasing Xy de- 
creases their R°. ; yet there is a limit both to the in- 
crease and decrease of this R°., though there is none 
to the terms themselves that compose it, which, as we 
have seen, in the first case decrease, and in the other 
increase, in infinitum. 

16. We will close these Examples, by proposing a 
geometrical one, for the purpose of more clearly ex- 
plaining Newton's phrases of ^^ Ratio ultima quan- 
titatum evanescentium,'' and ^^ Ratio prima quantita- 
tum nascentium." Let fFig. 19^ABCD, EBCF 
be two quadrilateral figures, and let D F be parallel * 
to A E ; then the quadrilateral A B C D bears to 
the quadrilateral E B C P the proportion of A B + 
D C to E B + C F. Now if the line D F be sup- 
posed to advance towards A E, with an uninterrupted 
motion, till the quadrilaterals quite disappear or va- 
nish, this proportion ofAB + DC: BE + CP 
will, during this motion, continually vary, (unless the 
lines DA, C. B, F E produced meet in the same 
pointy which they are not here supposed to do) and 
this proportion, by diminishing the distance between 
D F and A E, may at last be brought nearer to the 
proportion of A B : B E than to any other whatever j. 
though it can never exceed, or even actually reach, 
this proportion ; /• the proportion of A B : B E is 
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'fhe limiting or ultimate proportion of the quadrilate- 
ral A B C D : the quadrilateral E B C F, because it 
is the proportion which these quadrilaterals can never 
actually have to each other, but the limit of that pro- 
portion. 

In this Ex. then, as in the other above given, the 
quantities themselves, i, e. the quadrilaterals, have 
neither of them any final magnitude, or even so much 
as a limit ; but, by the diminution of the distance be- 
tween D F and A E, diminish continually without 
end ; yet there is a limit to the varying proportion 
existing between them, viz. tfiatof AB: BE; and 
hence this limit is io be called the tdtimate R°. of 
the vanishing quadrilaterals. 

17. But that the meaning of the expression " Ra- 
tio ultima quantitatum evanescentium" may be still 
more clearly understood, we may farther observe, (I) 
That since the quadrilaterals diminish by a continual 
motion till they actually vanish, they may properly 
be called vanishing quantities ; since under this view 
they have never any stable magnitude, but decrease 
by a continued motion till they become nothing. 
(2) That the quadrilaterals A B C D, B E F C, be- 
come vanishing quantities,' from the time we first 
ascribe to them this perpetual diminution, /. e. from 
that time they are quantities going to vanish. And 
as during their diminution they have continually dif* 
ferent proportions to each other ; so the R°. between 
A B and B E is not to be called merely Ratio harum 
quantitatum evanescentium ; but ultima Ratio, &c. 
and the same. observations are applicable to the Ex- 
ample given in Art. 14. 

18. Should we suppose the line D F first to coin- 
cide with the line A E, and then to recede from it, 
thus giving birth to the quadrilaterals; then under 
this conception, the R°. A B : B E, as it was before 
called the R°. wherewith the quadrilaterals vanish, is 
now to be considered as the R°. wherewith the qua- 
4lrilaterals bj this motion commence; and the E^may 
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also properly be called ihejirst or prime R^ of these 
quadrilaterals at their origin. 

19. As in Art 17) the phrase vanishing quantities 
was applied to the quadrilaterals, from the time that 
they are quantities going to vanish ; so, under the pre- 
sent conception, they are to be called nascentes, not 
only at the very instant of their first production, but 
according to tlie sense in which such participles are 
used in common speech ; just as when we say of ^ 
body, which has lain at rest, that it is beffiiining to 
move, though it may have been some little time in 
motion. On this account we must not use the simjde 
expression. Ratio quantitatum nascentium, but Ratio 
prima quantitatum nascentium. 

20. We see here the same R°. may be called 
sometimes the Prime^ at other times the Ultimate^ 
R^. of the same varying quantities, according as these 
quantities are considered under the notion of vanish- 
ing, or of being produced, before the imagination, 
by. an uninterrupted motion. The doctrine under 
examination receives its name from both these ways 
of expression. 

The reader haying now, it is hoped, gained a cor- 
rect idea of the limit or ultimate mamutude of a va- 
riable quantity and ratio, may proceed with advantage 
to the first Lemma, wherein it is demonstrated that 
the limits or ultimate magnitudes of two variable 
quantities, or two variable ratios, approaching to 
each other as there described, are accurately equal. 



NOTES TO SECTION I. 



LEMMA I. 

2U Case 1. — Let there be two variable quantities 
X and jfi which continually approach to equality, so 
that their difference, when compared with either of 
them, becomes at length less than any assignable 
quantity ; then will x and y be ultimately equal : in 
other words, if a be the ultimate magnitude of .r, and 
b the ultimate magnitude of ^, these limits a and b 
will be accurately equal. For if not, let these limits 
have a difierence, d^ i,e.letb =: a + d; then since 
a is the limit o{x, x can never exceed a, and /. can 
never come nearer to a + d^ the limit of ^, than by 
the given difference d ; u e. x and ^, even in their ul- 
timate state, can never aj^roach nearer to each other 
than by the giv^i difference d\ whidi is contrary to 
the hypothesis : .'• a does accurately = i, i,e. x and 
y are ultimately equal. Here x has been supposed 
to be less than its limit a ; but the Prop, maybe pro- 
ved after the same manner, if x be supposed to be 
greater than a. 

Case 2. Let there be two variable Ratios x : y and 
r : 2, which continually approach to equality; so that 
at len^ the R^. x : y approaches nearer to that of 
V : z Uian to any other that can be assigned ; tlien 
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*will the R^. x:y he ultimately = the R^. v: x; in 
other words, if th : n be the limiting R^ ofa : y, and 
p : q the limiting R°. ofvz z, the R°. m : n shall ac- 
curately = tliat p : q. For if not, let there be any 
given difference between them ; then, since the Ratios 
jc : y and v : z can never actually reach their limits 
tn : n and p : q; it follows, that x :y and p : z can 
never approach nearer to equality than by this given 
difference, which is contrary to the hypothesis ; /. the 
R^. m : n does accurately = that of p : q; u e. the 
Ratios X : y and v : z are ultimately equal. 

Or both cases may be concisely proved, by observ- 
ing, that both quantities, and the Ratios of quantities, 
such as are understood in die Lemma, cannot ap- 

£ roach nearer to each other than their limits do ; and 
ence the absurdity of supposing these limks unequal 
is immediately apparent. 



LEMMA in. 

NgU to Lemma 3. 

-22. What is here proved of the areas of the in- 
scribed and circumscribed figures is not true of the 
perimeters: for the Z' boundary of the circumscribed 
always remains the same, being = A a + A £, what- 
ever be the number of divisions ; and .'. never ap- 
proaches the curvilinear boundary as a limit ; and the 
ZJ boundary of the inscribed approaches that of the 
circumscribed as a limit, and is always greater than 
the curvilinear boundary. Hence Newton's vUimate 
sum in Cor. 1 must be strictly confined to area« 
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Lem. 3.-— Cbr. S. 

23. For (Fig. 20 J one of the lines at least in each 
pair alj Ib^ bm^mc^ cn^ ndy must cut the curve, 
consequently one of the lines at least in eack ^air 
must make a greater Z with the curve than the tan- 
gent£^do; hence the a' apb^ boc, crd^ formed by 
the tangents, will fall within the mixtilinear spaces 
a I by bmcy cndy and .V be less than them ; conse- 
quently since A alBmcnd is ultimately = the cur- 
vilinear area, much more will the area Aapbocrd 
be ultimately = the same curvilinear area. 

Notes to Lem. S^^^Cor, 4. 

24. The ultimate J^res here spoken of must be 
applied only to the figures of the chords and tang^its^ 
since the Z' perimeters above mentioned, have not 
the curve line for their limit. The Cor. so far as 
relates to the chords, is perfectly evident ; if the 
reader should not think it equally so for the figure 
formed by the tangents, he may see a proof of it in 
Art. 34. 

25. Curvilinear limits of rectilinear Jigure», Sec 
Scholium to Lemma XI., where Newton again cau- 
tions hb readers,* that if at any. time he should, for 
right lines, substitute curve lineolas, they are not to 
understand that these Hneolse are made up of right 
lines, however small, (agreeably to the doctrine of 
Indivisibles) but that the curves are the limits, to 
which the vanishing right lines continually approach, 
and ultimately equal. 



* ^ Si pro rectis usurpavero lineolas curvos^ noUm indiyisibiHay 
sed evaaescentia divisilnlia.'* 
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LEMMA IV. 

26- For, by hypothesis, A! i €^ llW iV WC'i ^ 
ultimately; :. A! i of 11 Af + W +C'i cf + V + d 
Qltimately; but ultimately A' + B' + C =r whole 
figure AaE, and a' + ^ + c' = wholefigure PjtiT; 
/• under the conditions mentioned in the Lemma, 
AaE : P^iT in the given R°. of A' : a'. 



LEMMA V. 

Introductory Article to Lemma 5. 

iJ7. Definition. — Curvilinear figures, when referred 
to a centre, are said to be similar, when they may be 
supposed to be placed in such a manner, that any 
right line being drawn from a determined point to 
the terms that bound them, the parts of the right line, 
intercepted betwixt that point and those terms, are 
always in one constant R^. to each other: or, in 
other words, they are similar, when the rad. vect*. 
containing equal Z" are always proportional. Thus 
the curvihnear figures A S D, a S £/, (Fig, ^l) or the 
figures S P D, Spd are similar, when any line S P 
being drawn always from the same point S, meeting 
the two curves in P, j>, the R®. of S P : S^ is inva- 
riable. 

Z/emnm S. 

28. (1) Let S A D, 5 ad (Fig. 2i) be two similar 
curvilinear figures, and let S A P Q D be any poly- 
gon inscribed in the former ; draw sp^ sq^ &c., mak* 
ing the Z' at s respectiv^ =: the Z'at S; then 
since by definition S A : S rll sm : sp^ and Z A S P 
= Z a sp, the a' A S P, a 5^ are similar ; and the 
same may be shewn of all the remaining a«, /• poly- 
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gdil sdpqd is simihr to the polygon S A P Q D ; 
andhence APi FQllaptpq; andPQ: QD:: 
pq: qd; .\ A 1? : ap It P Q i p q i: QT) : q d^ &c., 
and this is true when the namber of the sides A P$ ap^ 
P Q^pqj &c. is increased^ And their mflgtiitude di- 
minished without limit; •'. (by Cor. Lem. IV.) curve 
A PD : curve apdi: AP i apll S A: sa, 

29. (2) Taking the same constmetion as before, 
since the poly^ond SAPQD, iapqd are similar^ 
the A* into which they are divided will be similar ; 

/. A SAP: ^sap:: ASPQ:A5i)j::ASQD 

I £^ sqdy &c. ; /• as before, curvilinear area SAD: 
curvilinear area sad 11 a SAP: A sap II SA* 
i sc^. 



LEMMA VL 

tntroductary Articles to Lentma 6* 

30. A curve of continued curvature may be defined 
to be a line traced out by a point, continually changing 
its direction ; where we may observe that the word 
continudUy implies that the change of direction of the 
generating point must not be dBPected by staxts or 
impulses {per saUum), bat by an uninterrupted and 
eauable motion. Thus the Z BCD (Fig* 2S), 
which measures the variation of direction of the ge- 
nerating point at A and B, (while the point moves 
from B to A) must, before it become nothing, pass 
through all the intermediate degrees of magnitude, 
from D C D to nothing. 

S 1 . From this definition, it will appear that two 
curves which cut one another, as £ ^ ^ F, (Fig. ^^) 
cannot be called a curve of continued curvature at the 
point di for if ^ and e be taken on opposite sides of 
d^ the variation of direction from a to c, viz. the Z 

I 



\ 
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c bg has been effected^o* saUtan ; u e. in passing -fronf 
nothing to c b g, the Z. has not passed through all 
the intermediate degrees of magnitude. 

32. From hence also it follows^ (1) That if the 
distance betwixt two positions of the generating point 
continually decrease, and at length lUtimately vanish, 
the change of direction of this point will also conti- 
nually decrease, and at length ultimately vanish ; i, e. 
while B moves up to A fFig^ 2$ J the Z B C D is 
decreasing continually without limit, till at last, when 
A B ultimately vanishes, the Z B C D also ultimate- 
ly . vanishes* (2) That the direction of the generating 
point i& a tangent to the curve ; for, suppose A D to 
be the direction of the generating point at A, then,* 
if it did not change its direction, it would move along 
tlie line A D; but, by the deiinition, it is continually 
changing its direction ; .% if it be in the line A D at 
A, it will not continue in it, but will, in the next 
moment of time, go either above or below it; .". A D 
is a tangent to the cttJTve at A. (S) That A D is the 
only tangent; for, if possible, let A V fFig- ^5 J mak- 
ing a finite Z with A D, be a tangent, let the point 
B move up tx> A, so that the change of direction 
BCD may be indefinitely small, then will B C D be' 
indefinitely less tlian DAV; .'.-a fortiori will the 
interior Z, formed bythe curve and tangent D A, be 
indefinitely less than DA V ; L e, D A passes inde- 
finitely nearer the curve than any other line A V that 
can be drawn. 

Lemma 61 

33. After what has been premised, the Lemma^ 
may be easily proved thus. Let A, B fFig. 25 J be 
two positions of the generating point, draw the chords 
A B, and at the points A^ B, draw A C^ B C in the 
direction of the generating points at A and B respec-. 
tively ;. then A C, B C are tangients to the curve, 
(Art. 82.) Now, by the continual approach erf* B to^ 
A^ the change of direction of the generating point 
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^ni continually decrease, and at length ultimately 
vanish, (Art. 82) i. e. the Z B C D will ultimately 
vanish ; a fortiori .*. will the interior Z B A D, con- 
tained by the chord and tangent, ultimately vanisli. 

Note t» Jjemma 6* 

S4. By the help of this Proposition, Cor. 4. Lem. 
m. may be easily proved. Let the two lines A D, 
D B {-Fig. 26 J^ which touch the curve A C B of con- 
tinued curvature in the points A, B meet each other 
in D, and the chord A 'B be drawn ; the sura of the 
tangents will be greater than the chord; and if the 
curve be divided into any two parts in the point C, 
and'the chords AC, C B be drawn, and also E F a 
tangent to the curve in the point C, meeting the tan- 
gents AD, B'^D in E and F, the sumof the chords 
A C, C B will be greater than the. first chord A B ; 
and the sum of the tangents A E, EC, C JF, F B, 
greater than the sum of the chords : but A E, E F 
being less than A D, D J; Jl E, E F, JF B will be 
less than AD, D B. Hence, if the number of parts, 
into which the curve A C'B is divided, be continually 
increased, the sum of the chords will be continually 
increased, and the sum of the tangents continually 
diminished ; and the latter sumijeing always greater 
than the former, the difference between them will 
continually decrease; and as the Z" between the 
chords and tangents jnay be diminished without limit, 
(Art. 23) this difference maybe also diminished with- 
out limit. Hence the difference between the perime- 
ters of the ^gures, contained by the two lines A a^ 
A E, fFig. \) and the chords, and by the same two 
lines and the tangents, will be continually diminish- 
ed, as the bases A B, B C, CD, &c. are dimliiished ; 
and the perimeter of the curviliAear figure will be a 
limit to them both. 
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LEMMA VII. 

Introductory Article to Lonma 7. 

95. It follows from the definition of similar curvi- 
linear figures given in Art. S?, (I) that to draw a 
curve Aci similar to another A C B (Fig. 27 Jy we 
must produce A B to any point by and, while A ^ re- 
volves round A as a centre, let the point b move in 
the line A bf so that A b may be to A B in a given 
R^. I then will A c 6 be similar to A C B ; (2) that if 
A D be a tangent to A C B at A, it will also be a 
tangent to the similar curve Acb Bt A; for draw b d 
parallel to B D, then by similar a% bd i B D : : 
A & : A B, in a given R^. ; ,\ bd wUl not vanish 
till B D vanishes, i. e. at the point A* 

IdCmfna 7. 

36. Produce A D (Fig. 27 J to any distant point 
dy and let dbhe drawn parallel to D B, meeting the 
chord A B produced in b ; and through the point b 
describe, as has been above shewn, the curve Acb 
continually similar to A C B, to which A d will be a 
tancentj then, by similar a^ AB : AD:: Aft : Ad; 
and by similar figures (Lem. 5.) A C B : A<: 6 :: 
A 6 : A ftf or as A D : A d; .*. the chord, arc, and 
tangent A 6, ACB, and A D are always propor^ 
tional to the chord, arc, and tangent Aft, Acb, and 
A d. But when B moves up to A, the Z ft A c? ( =: 
^ BAD) will, by Lem. 6, ultimately vanish; /. 
Aft, and ali^o the intermediate arc Aco, will conti- 
nually approach A d^ and at length will ultimately 
coincide with, and become equal to it ; and conse- 
quently A B, ACB, and A D, which are always 
proportional to these, will also ultimately be to each 
other in a R^. of equality. 
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Notes io Lemma 7« 

37. In the demonstration B D is supposed to move 
parallel to itself, as B moves up to A, while b d re- 
mains fixed. Hence (1) by the motion of B towards 
A, A i is continually approaching nearer to A c^ with- 
out limit ; while, at the same time, it carries the in- 
termediate arc Kcb (which is continually unbending 
itself) along with it (2) The magmtudes of A 6 and 
hcb also continually approach to that o{ Ad, nearer 
and nearer without unut ; though these quantities can 
never exceed A d^ nor indeed equal it, till B and A 
actually coincide; .\ the jfinite fines A 6, Acb, and 
A d ultimately coinciding are equal ; whence this is 
also inferred of the vanishing lines A B, A C B| and 
A D, which are always proportional to them. 

38. The L>emma is frequently explained by sup- 
posing R B D fFig. Sj to move round R fixed as a 
centre, while, by this revolution, B continually ap- 
proaches to A; at the same time ^r moves round 
the fixed point d in sl contrary direction, so as always 
to keep parallel to R B D. But this explanation is 
clearly at variance with Newton*s notions, as is evi- 
dent from the next Lemma. — See Art. 41. 

39. Since it would be difficult for the understand- 
ing, in contemplating quantities, which elude the 
notice rf the senses, clearly to perceive the changes 
which take place in the vanishing chord, arc, and 
tangent, and the limit to which their proportions 
continually approach, Newton has had recourse to 
the artifice of substituting, in the room of these van^ 
isking quantities, Jlnite ones, which bear a constant 
proportion to the others; and by ascertaining the 
limit which the R^. between the latter ultimately at- 
tains, on the coincidence c{ B and A, he discovers 
also the limit of the Ratios of the vanishing quanti- 
ties, which are proportional to them. The same ob« 
servation is applicable to the 8th and 9th Lemmas. 
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LEMMA VIIL 

40. Produce A D to any distant point rf, and draw 
dhr parallel to D B R, meeting A B and A R pro- 
duced in h and r ; and through b describe the curve 
Acb always similar to A C B ; then the figures 
R A B, R A C B, and RAD are always similar to 
r A i, r Acby and /• A dj; they are likewise always 
proportional to them. For RAB: rAi'lRA*: 
rA* :: RAD: rAd; .'.RAB: RAD .'.rAfi: 
r Ad; also sector R A C B : sector r AcbllR A* : 
r A* (Lemma IV.) ::RAD: rAd; :. RACB: 
RADlCrAci: r Adm Now let B move up to A, 
and ultimately coincide -with it, then the Z dAb 
( = Z. D A B) will ultimately vanish ; .". the three 
continually finite A*rA5, rAcbj and rAd will 
ultimately coincide with each other, and consequent- 
ly be ultimately similar and equal to each other ; .\ 
also the vanishing a* R A B, R A C B, and RAD, 
which are always proportional to the former, will 
also be ultimately similar and equal to each othen 

Note to Lemma 8. 

41. It is plain, from the words ^^triangula tria 
semper Jiitita^** in this Lemma, that R B D is SMppo- 
sed to move parallel to itself while dbr remains fix- 
ed ; and not that R B D moves round R as a fixed 
point; for in the latter case the a* rAA, rAcft, 
r Ad would be ultimately infinitely great, and the 
purpose for which these last a* were introduced (see 
Art. 39) thus rendered useless. , 



LEMMA IX. 
42. Produce A E to any distance point e^ and take 
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Ae '. Ad :: AE: AD; draw ec, db parallef to 
£ C, D B, and let them meet the chords A C, A B 
produced in c, J; then the ,^' A db, A ec being si- 
milar to ADB, A EC respectively; A& : AB 
{::Ad : AD :: Ae : AE) :: A^: : AC; .Vc, 6, 
will be in the curve Abe. which is similar to A B C ; 
in the same manner during the approach of C and 
B to A, the points d, c, determined in like manner, 
will always be found in a curve similar to ABC; 
and because the curves Abe^ ABC are similar, the 
areas, Abd^ Aee will be similar, to the areas A B D, 
ACE respectively, and they are .'• proportional to 
each other respectively ; for A3D : A bd (II A D* 
: Ad^ :: AE* : Ae*) :: ACE : Ace; /. altem**. 
ABJ) : ACE :: Abd : Ace. To the similar 
curves ABC, Abe draw the tangent A F G/g j 
then as C and B move up to A, and ultimately co- 
incide with it, the ^ c Ag is continually diminished 
and will ultimately vanish, /. the curvilinear areas 
Abd, Ace will ultimately coincide with the recti- 
linear areas A^d^ Age; and be /. ultimately to each 
other as Ad^ : Aei* ; .'. also will the curvilinear 
areas A B D, ACE, which are proportional to these 
others, be also ultimately in the Ratio of A d* : Ac* 
or of AD* : A E*. 

Note to Lemma 9. 

. 43. It may be observed here, that the Z, which 
£ A makes with the curve, as indeed all determined 
Z,% and quantities of whatsoever kind in this and the 
following Sections, are supposed to be finite ; New- 
ton disclaims the use of infinitely small determinate 
quantities as unintelligible, and by the words infi- 
nitely small Z.% or infinitely small quantities, he 
means variable quantities, which by a continual flux 
are decreasing without limit. 
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LEMMA X. 

IfUrodnutory Artkk to Lemma \H. 

U. I/ihe absdsia A B, A D (Fig. 28,) Be as Oe 
HmeiinMMchabotfyt v»^ ly any JmUe force^ 
twotpaces; anddieofdinati»BC, DE be at tke 
generaied in iko9e times ; and if ACE be Ae aertetrated 
out by the extretniiies ef these ordtnates^ Ae areas A B C, 
A D £ ttfUl be as the spaces described^ 

Let the times be dirided into any number of equal 
parts A F, F O, GH, &€., and complete the paral- 
lelograms A K, FL, 6 M, &c.^ then if the force be 
supposed to act only at equal intervals of time, so as 
to make the body move uniformly during the times 
AF, F6, GH, &c. with the velocities F K, GL, 
H M, &c., the spaces described in these times will 
be represented by die parallelograms, and the sums 
of the spaces by the sums of the parallelc^ams* 
Kow let the intervals of time be continrndly dimin- 
ished^ then will the force, which now acts by impul<» 
ses, continually become nearer and nearer a force 
acting incessantly ; and the i^ms of the parallelo- 
grams, which represent the spaces^ continually ap- 
proach nearer and nearer to the curvilinear areas, 
till at length, when the intervals of time are dimin- 
ished, and their number increased in infinitum, the 
force will become an incessant force, and at the same 
instant the sums €»f the parallelograms become =s the 
curvilinear areas (Lem. IL) ^ /• under the circum- 
stances mantioned in the Proposition, the spaces will 
be accurately measured by the curvilinear areas. 

We may observe that in this, and Propositions of 
the like nature* a &lse hypothesis is made, viz. that 
the force acts by impulses, and by consequence we 
deduce a false c(mclusi<»i, viz. that the spaces are 
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Irepi'escftitedi by tha sums of the pi^ellelogranu ; but 
as the ft^sumed hypothesis approaches to the true, so 
does th^ ialse conclusion approach to the true con- 
clusion ; till at lengthy upon the attainment df the truo 
hypothesis^ we attain at the same time the true coa«> 
elusion : the true hypothesis and true conclusion be- 
ing respectively the limits of the assumed hypothesis, 
and the conclusion consequent upon it. 



Lemma 10. 



45. Let the timen be represented by the lines A D^ 
A E, and the velocities generated, by the ordinates 
D B, EC, then the spaces described with these ve*- 
locities will, by what has been just proved^ bet-repre- 
sented by the areas A B D, A C £ described liy these 
ordinates ; but the prime R*'. of these nascent areaa 
ABD, ACE is (Lem. IX.) that of A D» : A E* ; 
I. e» the spaces described are, in the very beginning 
of the motion, in the duplicate U^* o( the times ia 
which they are described. 

Note to Lemma 10. 

46* Observe that Newton here says the force must 
be astute one; and that it must be so is evident from 
hence, that if it were indefinitely small, the curve A B 
would make with A D an indefinitely small Z, and 
•*• Lemma 9^ where this ^ is supposed J^n/^^i would 
be inapplicable. 

Lem. 10.— Car. I. 

47. Let A B and a b (Fig. SO J be similar parts of 
similar figures described by two bodies in proportional 
times ; and let two equal forces similarly applied act 
upon the bodies, sufficient to make them move from 
B to C» and from b to c, in the time that they would 
have described A B, ab; then they will describe two 
other curves AC, ac; and the limiting R°. of B C : 
be (which, as being die distances the bodies have 

K 
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err^ from their former course, are called errors u^ 
this Corollary) will be that of the squares of the times- 
in which AB^ ab would have been described. For 
HC, be may be considered as spaces described from 
rest in those times by equal forces, and /. the Lemma- 
is applicable to them. 

iVb^ to Lemma 10. — Car. I. 

4!8. " Are nearly, &c," — Though strictly speak- 
ing, by the spaces mentioned in this Lemma are 
meant not any spaces actually described, however 
small they be taken, but only the limiting ratio of 
the spaces ; yet still if B C, be be actual spaces de- 
scribedpprovided they are sufficiently small, they will 
be as die square of the times quam proxime, {. e. 
without any sensible error ; and thus this and the 
next Corollary are applied in the 66th Proposition 
to find the errors produced in the motions of the 
wxyofky &C.. by the attraction of the sun. 

Lemma 10. — Cor, 3. 

49, Let A D, a c? (^^g' 29^ represent two equal 
times, D B, J 6 the velocities generated in those 
times; then will the spaces be represented in the two 
cases by AD B, adb; hnt ADB : adb :: AD X 
DB : ad X db ultimately, :: D B : db ultimately 
(since A D = a d);.u e. in the very beginning of the 
\ motion, space described varies as the momentary in^ 

crement of velocity when the time is given ; but the 
velocities generated in an indefinitely small given time 
are proper measures of the accelerating forces ; •% in 
ijbe very beginning of the motion, space varies as force^ 
when time IS given; but (by Lemma) space varies as 
T*, when force is given, •'• when neither are given^ 
the space will, in > the very beginning of the motion^ 
vary as F X T*. 
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LEMMA XL 

IfUroductofy Articles to Lemma IL 

'SO. Any two arcs of curve lines touch each other 
•^hen the same right line is the tangent of both at the 
45aine. point; but when they are applied upon each 
other they never perfectly coincide, unless they are 
similar arcs of equal and similar figures ; and the 
curvature of lines admits of an indefinite variety. 
Because the curvature is uniform in a given 0, and 
may he varied at .pleasure in them, by enlarging or 
diminishing their diameters, the flexure or -curvature 
of circles serves for measuring that of other lines. 

5L As of all the right lines, that can be drawn 
through a given point in the arc of a curve, that is 
the tangent which touches the arc so closely, that no 
right line can be drawn -between them ; so of all the 
circles that touch a curve in any given point, that is 
said to. have the same curvature with it, which touches 
it so xlosely that no can.be drawn through the 
point of contact between them ; all. other. circles pass- 
ing either within or without them both. This is 
called the of curvature belonging to the point of 
contact. The arc of this cannot coincide with the 
arc of the curve, but^it is sufficient to denote it the 
of curvature that no other -0 can pass between them ; 
as the tangent of the arc of a curve cannot coincide 
with it, but is applied to it so that no right line can 
be drawn between them. As in all curvilmear figures 
the position of the tangent is continually varying, so 
the curvature is continually varjHng in all curvilinear 
figures, the © only excepted. As the curve is se- 
parated fi:om its tangent by its flexure or curvature, 
so it is separated from its of curvature in conse- 
quence of the encrease or decrease of its curvature : 
and as its -curvature is greater or less, according as 
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it is more or less inflected from the tangent, so the 
variation of curvature is greater or less, according as 
it is more or less separated from the of curvature. 
It is manifest that there is but one of curvature 
belonging to an arc of a curve at the same point ; for 
if there were two such circles, any circles described 
between these through that point would pass between 
the curve and of curvature, against the supposition. 
Having thus shewn what the of curvature i«, it 
will be necessarv to point out, in the next place, the 
method of describing it; this is done by the following 
proposition : — 

5g. Lei EMU (Fig, SI) be anycurtfe, ET a tangeniat 
the point £, E Bb a right line, making any Z f£^'^ £ T ; 
T M R any straight line parallel to £ B, me^ng the tangent 
in T^ and the curve in M ; ihmifihe rectangle M T X T K 
be always tahm = £ T^» and YK3beihe curve traced out 
by the point K thus tdhm^ and if this curve uUinuady passes 
trough B« ih circle wkme chord iff £ B» and tangent £ T, 
shall have ike same cwrvaJture with the curve E^IA atthe 
point £ / and the contact of EM and £ R shall be tdways 
the closer^ the less the Z. is, that is contained at ^ by the 
carve B K F, and the circle (^curvature B Q £. 

Let T K meet the © in E and Q; then R T X 
T Q :?; E T* ^ M T X T K (by hypothesis) /. 
IIT:MT::TK:TQ. Suppose first that B K, 
the part of the curve B K F that is next to the point 
B adjoining to it, falls without the B Q, and sup- 
pose T K, by moving parallel to itselfi to approach 
to E B till it coincide with it 5 then while the point K 
describes K B, T K being greater than T Q, B T 
must be greater tb^n M T, and the arc E M of the 
curve mujBt pa«s without the E B, betwixt it and 
the tangent E T ; and since any described through 
E, upon a chord less than E B touching E T, falls 
within the E B B> it ij{ jngnifesit that no such 
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«in pftffs b0twi%t the curve E M and £ B B* Nor 
mn any E r 6 doscribed upon a chord E b greater 
than E B touching E T pais between £ R and E M ; 
for let T K meet this in r and q, then r T X T g 
?= ET* = MT X TK; .% MT ; rT :: Tg : 
T K, and since F K B (by hypothesis) passes through 
B so that the part of it, tnat is next adjoining B, 
must be within the arc i y of the bqE^ it follows 
that while K describes this part of F K B, T ; must 
be greater than T K ; and /• M T greater than r T. 
Tber^re the arc E r of the £ r 6 is without the 
curve E M, and passes betwixt it aqd the tangent E T. 
Hence no whatever can pass betwixt £ M and £ R; 
and Qonsequently the £ R Bhas the same curva*- 
ture with E M at K Suppose now that the part of 
the curve B K F, that is next adjoining to B, falls 
within B Q (Fig. SI J; then while K describes this 
part of the curve F K B, T K being less than T Q, 
R T must be less than M T, and the arc £ M must 
fall within E R ; and since any described through 
£, upon a chord greater than E B, falls without me 
E R, it is manifest that no such can pass be- 
twixt £ R and £ M. Nor can any £ r 6 describ- 
ed upon a chord E b lei^s than E B touching £ T, 
pass between £ R and EM; for let T K meet this 
inrandy, and MT being : r T :: Ty : T K, and 
T q being less than T K while K describes K B, M T 
must be less than r T ; and consequently the arc £ r 
must &1I within E M« Theref^e, in either case, all 
the circles that can be described through £ fall with- 
out both £ R and £ M, or within them both ; and 
no whatever can pass between them when the rec- 
tangle M T X T K is always ^ E T*, and the curve 
in which K is always found passes through B ; i. e. 
tfie E R B and the curve £ M have the same 
curv^ure at £, which was the first part of the pro^ 
position. 

Let E m (Fig. 39 J, any other curve touching E T 
in E, 9iid/k % another curve passing through B» 
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meet T K in m and k ; and let the rectangle m T X 
T i be likewise always = E T* ; then the curvature 
of £ m at E shall be the same as that of the £ R B, 
or that of the curve E M, by what has been demon- 
strated. Because mTxT^t, MTxTK, RT 
X T Q are equal to each other, T w : T M :: T K 
.: T A and T w : T R :: T Q : T *. Therefore if the 
arc B k pass between B K and B Q, the curve £ m 
must pass between £ M and £ R so that E m must 
•have a closer contact with this 0, than £ M has with 
it : and the less the Z is, that is formed by the curve 
F K B and the of curvature £ Q B at B, the 
closer is the contact at £ of the curve £ M H, and 
the of curvature £ Q B. Thus the curve B KF, 
by its intersection with £ B, determines the curva^ 
iure of £ M ; and by the Z in which it cuts the 
■of curvature it determines the degree of contact of 
£ M and that ; the Z B £ T and the right line 
E T being given. 

Cor. I. Since MTxTK=£T», TK = 

ET* 
, - . JIow let M move up to £ and coincide with 

MT 

it, then will T K ultimately coincide with, and be 

equal to, £ B ; /. in all cases, whatever be the curve, 

the chord of the of curvature = the ultimate value 

ET* ^ ,. . , ^EM* 

of TTTki or = the ultimate value of -,,,^ > 
M T MT 

Cor. 2. It appears from the demonstration, that 
according as the arc B K falls without or within the 
arc B Q, the arc £ M falls without or within the 
£ R B ; that when the curve F K B cuts the £ R B 
in B, the curve H M £ cuts the of curvature in 
£ ; that when the curve F K B is on the same side of 
the B Q £ on both sides of B, the curve H M E, 
continued on both sides of £, is on the same side of 
the of curvature ; and that the contact of the curve 
E M H and the of curvature is closest when the 
curve B K touches the arc B Q in.B, the Z B ET 



l)eing giyeii ; but is farthest from this, or ig most open^ 
when. B K touches the right line E B in B. 

Cor. 3, There may be indefinite degrees- of more 
and more intimate contact between a E R B and 
a curve E M H. The 1st degree is when the same 
right line touches them both in the same point ;, and 
a contact of this sort may take place betwixt any (J, 
and any arc of any curve. The 2d is when the curve 
E M H and E R B have the same curvature, and 
the tangents of the curve B K F and B Q E inter- 
sect each other at B in any assignable angle. The 
contact of the curve E M and of curvature E R 
at E is of the Sd degree or order, and their oscula- 
tion is of the 2d, when the curve B K F touches the 
B Q E at B, but so as- not to have the same cur- 
vature with it. The contact is of the 4th degree or 
order, and their osculation of the 3d, when the curve 
B K F has the same curvature with the B Q E at 
B, but so as that their contact is onty of the 2d de« 
gree : and this gradation of more and more intimate 
contact,^ or of approximation towards coincidence, 
may be continued indefinitely ; the contact of E M 
and E R at E being always of an order two degrees 
closer than that of B K and B Q at B. There is 
also an indefinite variety comprehended mider each 
order. Thus when E M and E R have the same 
curvature, the Z formed by the tangents of B K and 
B Q admits of indefinite variety, and the contact of 
E M and E R is the closer the less that Z is. And 
when that Z is of the same magnitude, the contact 
of E M and E R is the closer the greater the of 
curvature is ; for since T R : T M : : T K : T Q, 
div°. R M (which subtends the Z of contact M E R) 
:TR::KQ: TK> and .*. RM : KQ::RT x 
TQ(ET*) : KT x TQ; /. whenETis given, 

KQ 

R M varies as -— — -: — , and when K Q (or 

KT X TQ' ^ 

Z K B Q) is ^ven, R M is less, in proportion m 
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the rect< ingle K T X T Q, which ultimaitdy ±i 

ch. curv.V, IS greater. When B K touches the 
B Q at By it may touch it on the same or on differ- 
ent sides of their common tangent ; and the Z of 
contact K B Q may admit of the same variety with 
the Z of contact M £ R in the former case. But 
therd Is seldom occasion for considering these higher 
decrees of more intimate contact of the curve £ M H, 
and of curvature E R B. 

Cor, 4. The curvature is unifi^rm in the © only. 
"When the curvature of £ M H encreases from E to- 
wards H, and consequently corresponds to that of a 
O gradually less and less, the arc E M falls within 
E R, and 6 K is within B Q. When the curvature 
of E M decreases from E towards H, and conse- 
quently corresponds to that of a o that is gradually 
greater and greater, the arc E M falls without £ R, 
and B K is without B Q. According as the curva- 
ture of £ M vsuries more or less, it Is more or less 
unlike to the uniform curvature of a ©, the arc of 
the curve E M H separates more or less from the arc 
of the O of curvature E R B, and the Z contained 
by the tangents of B K P and B Q E at B is greater 
or less. And thus the qtmlity of curvature, (as it is 
called by Sir I. Newton) depends on the Z contained 
by the tangents of B K and B Q at B. 

Cor. 5. Let the curve E M H, for example, (Fig. 
33 J> be a parabola, £ B a diameter, E T the tangent 
at E, then because parameter x T M ±: E 1* = 
M T X T K, T K IS always i= the parameter, .'. in 
this case B K is a straight line parallel to the tangent 
E T, which intersects E B in B, so that E B is =i 
that parameter. Therefore if upon the diameter of 
a parabola, a right line E B be taken from E the ver- 
tex of this diameter -= to its parameter, a o ^ ^ B, 
described upon this right line as its chord, that touches 
tlie parabola at £, shall be the Q of curvature. And 
because the ri^t lide B K cuts the B Q E in B, 
unless when £ is the vertex of the figure, the parabola 
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cuts the of curvature (that case excepted) ; and 
passes within the of curvature when it is produced 
towards the vertex, but without it when produced the 
contrary way. 

Cor. 6. When E B does not meet with the curve 
F K (Fig. 34^, but is its asymptote ; any being 
described touching £ T in £, a greater shall al- 
ways pass between it and the curve E M; and the 
greater this is, the closer shall its contact be with 
the curve E M. For since the curve F K produced 
passes without any E Q B, how great soever, that 
can be described through E, £ M must always pass 
betwixt £ R and the tangent £ T. This is the case 
in which the curvature is said to be infinitely small, 
(being less than that of any 0) or the radius of curva- 
ture mfinitely great Of this we have an example in 
the vertex of me cubical. parabola; for in, that case 
E T' = T M X a* (where a* is a given square) /. 

ET^ ET* ET^ 

— = a%but— = TK..-.— =TKx 

E T, hence £ T X T K = the given square a* ; /. 
the curve F K is the common hyperbola, whose 
asjrmptotes are £ B and £ T. The curvature is of 
the same kind at the vertex of any parabola, wherein 
T M is as any power of £ T, whose exponent ex- 
ceeds 2 ; for F K, in all those cases, is an hyperbola, 
of which £ B is an asymptote. 

Cor. 7. When the curve FK (Fig. 35 J passes 
through £, no can be described through £ so 
small, but a less shall pass between it and the 
curve £ M, and the less this is, the closer shall its 
contact with £ M be. For since the curve F K pas- 
ses within any that can be described through £ 
on the same side of £ T, the arc £ M is always with- 
in £ R. In this case, because the curvature surpasses 
that of any 0j it is said to be infinitely great, or the 
radius of curvature to be infinitely small. Of this we 
have an example at the vertex or cuspid of the semi* 



tfuBical paraboh ; for in that case E T* as Bf T*" X 
«9 (wkere A i& a gii^eti line) /» » :& «^ and 

^~=aXET;but— =:TK,/.5^» 

T K% hence a X E T =i T K* ; /. F K E is th^ 
iBommon parabola) whose latus rectum == a, and which 
touches E B in £• 

Lemma IL 

53. C(3;^^ 1. It follows, from Cor, 1. Art. 52, that 

if A O, drawn perpemficular to A D, and B O^ 

perpendicular to A B, intersect each other in O5 th^ 

Bmit to A G is the chord of eurvalute A L Fo» by 

similar a» G A : A B :: A B : B D, A G A aa 

AB* 

—-=-, and consequently their limits are equal; but 

M D 

AB* 
Ae limit of -^rrpr is the ehoid of cutvature {fcy Cor. 

1), .'• also the ultimate value of A G is the chord of 
curvature, or A G ultimately = A t. The proof of 
the Lemma is /. eviden^t. 

Case 2, Let B D and b d (Fig. S^J be equally 0x7 
clined to A D at any given Z ; draw 'B'Ey be per- 
pendicular to A Dj then by similar jd^ViliiidlZ 
B E : *^; u e. in the given R°. of A B* : A 6* hy 
the first case^ 

Case 3% Let the Z "at D and d (Fig. SSj be not 
equal, i. e. let B D, bd converge to some point O9 
at a finite distance^ Draw B E,. & e pei^ndicular to 
A D, then when A B, A & are diminished without 
limit, their difference B b will be diminished widiout 
limit; A the Z BO& will be diminished without 
limit; but Z B06 = Z ArfO — Z ADO; 
the ZAe20=r Z At)0 ultimately, and conse* 
quently BDEybdeoxe ultimately simQar, and B D 
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zldllBE: be; u e. in the ultimate R^ of AB*:: 

Lemma il« — Cor. 2. 

54, Let the sagittae E F, ef (Fig. SfJ bisecting 
the chords A B, A 6, meet in H ; join AH and pro- 
^hioe it to K» making A H == H K ; join K B, K i 
^d produce them to D, ^2; By construction AH: 
AK::AF: AB. /. HF, KB or FL, BD are 
parallel. When B moves up to A, the ultimate R°. 
of EL : B D is that of AE* : A B* (by Lem.) or 
.that of AF* : A B» or that of 1:4 (for AF, AE 
we tiltimat^ equal). But B D : F L :: A B : A F 
1.1 4 : 2, .*. E L ; F L ultimately II I : 2, consequent- 
ly JF £, E L are ultimatdj equal, and /. E F is ulti- 
mately to B D rt 1 : 4. In like manner e/ is ulti- 
mately to idiri : 4; .!. E F : B D :: ef: b d ulti- 
liiately, and E F : ef\l BUxbd ultimately ; but 
B D, 6 £? converge to a given point K, .'. (Lem. Case 
:S), the points B> b meeting in A, B D, 6 (/ and con- 
sequently E F, ef are ultimately as the squares of 
AB, Afi. 

• 
Lemma 11. — thr. 5. 

55- By Cor. 1, A C : A 6r :: C B* : cJ» ultimately, 
(fig^ as J which is tibe property <rf the parabola ; .% 
the curve A B, whatever be its nature, provided it be 
of finite €ttrvatui*e (seeSchol.) may ultimately becon*- 
sidered as a parabola ; .*. the curvilinear area A C B 
= y C D ultimately, and consequently the curvilinear 
^ea A D B =z i C D ultimately = f of the a A D B 
ultimately, and consequently the remainder, the segj- 
ment AB, ztJaADB ultimately ; but a A D B 
varies as A D^ or A B^ ultimately (Cor. 4) ; .'. also 
the curvilinear area A D B and segment A B vary as 
A D^ or A B' ultimately. 
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SCHOLIUM. 

Introductory ArHclea to Scholium, 

56. Prop. 1. Let there be two curves of any kind (Fig. 
39) A B, Ab, aud suppose the ^ of contact B A D m fAe 
^st case to be indefinitely greater than the Z. <f contact b A D 
in the other ; then shaU the curvature of A B be indefinitefy 
greater than that of Ah; and conversely. 

Let A I, A « be the diameters of curvature of A B 

AD* 
and A b respectively ; then A I = "j^^T "'^^^"^^^^'y* 

AD* 
and A / = ~V"fr ultimately, .*- A I : A f in the ul- 

A D* A D* 
timate R^ of --r- : "TTT", i* e. in the ultimate R^ 

B D & D . 

of i D : B D. Now the Z B A D is indefinitely 
greater than 5 A D by hypothesis, but the ultimate 
R°. of'B D : 5 D is the same with that of those Z% 
for they ultimately measure them ; •'. ultimately B D 
is indefinitely greater than b D ; -*. A i is also in- 
definitely greater than A I ; but the curvature « 

rr; — r ; .'. the curvature of A B is indefinitely 

D . of curv®. 

greater than that of A 5. 

Next let the curvature of A B be indefinitely great- 
er than that of A i, then shall the Z B A D be in- 
definitely greater than the Z 6 A D ; for as before 
A I : A i in the ultimate R'^'. of i D : B D, and A i 
is indefinitely greater than A I by hypothesis, .'. B D 
is ultimately indefinitely greater than b D, and con- 
sequently the Z BAD indefinitely greater than the 
Z4AD. 
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67. Prop. 2. Let there he two curves A B, A b, and let 
the ^ of contact BAD bear a finite JRcOio to t/te Z. of 
contact b A D ; then if the curvature of A B be finite j the 
curvature cf Ah will also he finite ; and conversely if the 
curvaiwre of A B, A b ^ bothfinitey the /J (f contact J^ A Df 
b A D wiU be to each other in a finite Ratio. 

For, as before, A I > A e in the ultimate R**. of b D 
: B D ; but i D : B D ultimately in a finite R^ 
by hypothesis, /. A I : A « in a finite R^., but A I is 
finite, .\ also A / is, and consequently curvature of 
A 6 is finite. 

Again A 1 : A e in the ultimate R°. of i D : B D ; 
but me R°. of A I : A « is finite by hypothesis /. the 
ultimate R**. of i D : B D, and consequently that of 
the Zs. of contact, is finite. 

Cor. 1. Let A B be any 0, then since the curva- 
ture of a O is always finite, it is manifest that the 
curvature of all curves, whose Z* of contact bear a 
finite R^. to that of this ; or, which' is the same 
thing, the subtenses of whose ZSlof contact bear ulti- 
mately a finite R^. to that of this 0, will be finite; 
and if the limitbg R°. of the subtenses of the Z of 
contact of the curve and be not only finite, but 
also a R*^. of equality, then the curve and have the 
same curvature at the point of contact. 

11 
Cor. 2. Since Ali Ai'.l ^ ^ : -ttT* ^® curva- 

tures of two curves are to each other as the Z* of 
contact, or as the tdtimate subtenses of these angles. 

Scholium. 

58. In the a,bove Lemma, the Z of contact is sup- 
posed to bear a finite R^ to that of a 0, i.e. the 
curvature is supposed to be neither indefinitely great, 
nor indefinitely small (Cor; 1. Art, 57.) This is 
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manifest from the Lemma itself, which was proved on 
the supposition that the diameters A G, A ^ had a 
limit, viz. A I ; «. e. that the curve had a © of curva- 
ture. To shew, however, this in another point of 
view, it may be worth while to prove (1) That, con- 
versely to the Lemma, if B D vary as A D* ulti- 
mately, the curvature of A B is finite. (2) That if 
B D ultimately vary in any other R^* greater or less 
tlian Aat of A D*, the curvature is not finite, but in- 
finitely small or infinitely greaf. (S) That there may 
be curves, whose curvatures are indefinitely great or 
indefinitely small, and again curves, whose curvatures 
:are indefinitely greater or indefinitely smaller than 
that of those others, and so without end ; and thus 
that the Z of contact BAD may be divided into a 
^series of Z', each of which is indefinitely greater or 
indefinitely smaller than die one which is adjacent to 
it, and that this division may be continued sine limite, 

(1) Let A E V (Fig. M) be any ©, and A B the 

curve, then, since B D idtimately varies as A D* (by 

AD* . 
hypothesis) it ultimately = ■■ " (wn«:« « is a 

proper conistant quantity), but ED ultimately :^ 

AD* 

_— , /. the ultimate R°. of B D : ED =t that of 
A V 

AD* AD* 

• ~r"xT = tJ^at of A V : a, which last E**. is 

a A V 

always finite, whatever be the value of A V {provided 
it be finite, and /. the ultimate R°. of B D : ED is 
finite, and .*• the curvature of A B is finite, (by Cor. 
1, Art. 57.) 

(2) Let B D (Fig. 41.^ ultimately vary in any R^. 
greater than that of A D*, for instance A D^, then 

AD3 

B D ultimately ~ * — — - (where a is a proper con- 

«tant quantity), also as before £ D ultimately sr 
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AD* ' ^ „« .AD* AD» ,. ^ . 
-p=T-, A BD : £ D :i — ^ : -jr^ ultunatefy, u Cr 

a* 
A D il indttfimte^ less than -r-^) whatever be the 

value of A y protided it be finite, .'• B D ia uUhnate- 
ly indefinilely less than ED ; and •*• the curvature of 
A B is infknnitely onali, (by Art 56.) u e. no 
however great, can pass between the curve A B and 
tangent A D, as appeared also from Cor, 6, Art. 32. 
Ana tke same may be shewn when B D ultimately 
varies as AD*-, AD^ AD^ AD**, where w (pro- 
vided it be greater than 2) may be any N*. whatever, 
whole or frac^tional. 

Next let B D (Fig. 4/0 J ultimately vaiy in any 

B^. less than that of A D*, £br instance A D*^* then 

A D^ A D^ 

B D ultimately = — r- , /. BD : ED :: — ^- 

AD* AV i 

: ^ idtimateiy) /. e. 1 1 — T" : A D^ ukimatdy ; 

but in the ultimate state, A D^ is indefinitely less 

AV 

than "nr"> whatever be the value of A V provided it 

a* 
be finite ; /.ED is ultimately indefinitely less than 
BD, and .*. the curvature of A B is iadefinitely great ; 
i. €. there can be no 0, however small, which does not 
pass without the curve (by Art 56); as appeared also 
from Cor. 7, Art. 52. And the same may be shewn 

when B D ultimately varies as A D"5' A D^' A D^ 
w.,..A D**, where n (provided it be less than 2) may 
be any fractional "N®. whatever. 
(8) (jJLetAl? (Fig. ^2 J be a curve, such that 
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D P ultimately varies as A D^ then, as we have seen 
above, the curvature of A P is indefinitely small. 
(jj) Again, let A C be another curves such that 

AIH 

C D ultimately varies as A D* = ultimately — r— , 

_ AD' AD* m} 
.*. PD : CD :: —7- : — r '-' n ■ A D alti- 

CT Wr Cr 

mately, but A D is ultimately indefinitely less than 

in? 

— , /• C D is ultimately indefinitely less than P D, 

or curvature of A C is indefinitely less than that of 
A P, which is indefinitely small. And in the very 
same manner, if the subtense ultimately varies as 
A IV, A D^, &c., we shall have a series of Z' of 
contact going on in infinitum ; each of which is inde- 
finitely less uian the preceding. Also between any 
two of these Z' there may be mserted a series of in- 
termediate Z' going on in infinitum, any one of 
which is indefinitely less than the preceding. For 
instance, between A D* and A Yfi there may be in- 
serted the series A DT"' A D 5 » A D*' A D^' A D^'- 

H. ii 
A D 4 ' A D 5 ' &c. &c. And again, between any 

two Z* of this series, there may be inserted a new 

series of intermediate Z«, differing firom each other 

by infinite intervals, and so on without limit. 

Next /X' J^^ A E be a curve, such that E D ulti- 

s 

mately varies as AD2 9 then, as has been before 
shewn, the curvature of A E is indefinitely great. 
(jj) Again, let A F be another curve, such that 

4 

F D ultimately varies as A D'' = - . ultimately, 

vcs 

3 8 •!■ 

thenFD: ED :: ^JL : i£^ : ^ : A D^ ul- 

T i T 

m or m 
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timately, but A D' is ultimately indefinitely less than 

a* 

-^ ; •*• ultimately F D is indefinitely greater than 

£ D, or curvature of A F is indefinitely greater than 
that of A E, which is indefinitely great And in the 

6 

very same manner, if the subtense varies as A D^, 

A D^, A D^, A D 9 {n bein^ any firacttonal num- 
ber whatever less than 2) we shall have a series of 
^' of contact running on in infinitum, each of which 
is indefinitely greater than the one which precedes it. 
Neque novit natura limitem*'' 
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NOTES TO SECTION 11. 



Introductory Artides to Section IL 

59. Defn. * Whatever tends constantly to solicit or 
impel a body towards a fixed point or centre, is call- 
ed a centripetal force. 

The centripetal force, which is found to exist in 
the sun and planets, is, by way of distinction, called 
gravity^ or thej^c^ of gravity, 

60. The word gravity is used in three different 
senses, or rather it is spoken of as being greater or 
less in reference to three different measures. As (1) 
we may say for instance that the gravity of the earth, 
at the distance of one mile from its surrace, is greater 
than the gravity of the earth, at the distance of lOOO 
miles from its surface. By this proposition we mean 
that the velocity uniformly generated in a gi\«n time, 
in a body at one mile's distance firom the earth's sur- 
fece, is greater than the velocity uniformly generated 
in the same given time, at the distance of 1000 miles 
from it The word, when used in this sense, is call- 
ed the accelerating force of gravity ; and, in general, 
when we speak of the force of gravity at different dis- 
tances from the same attracting body, the accelerating 
force of gravity is always understood. Hence the 
foflowing definition. * When the velocity uniformly 
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produced in a given time is the measure by wliich 
^avity is said to be greater or less ; then it is called 
the accelerating force of gravity* 

This accelerating force of gravity is in all cases 
found to be invariably the same at equal distances 
■from the centre of the same attracting body, and to 
vary according to some regular law of the distance 
from that centre ; and hence it is, that the variation 
of this force is usually expressed in terms of the dis- 
tance from the centre of the attracting body ; for in- 
stance, when it is said that gravity varies as the n^ 
power of the distance, the expression denotes that 
the accelerating force of gravity (mea3UFed by the 
velocity uniformly generated in a given time) in- 
creases or decreases as the n^^ power of the distance 
from the centre increases or decreases*; and F oc D^, 
is called the law of the accelerating force. 

(2) Again, we may say that the gravity exerted 
upon a cubic inch of gold is greater than that upon a 
Tcubic inch of cork. Here we no longer refer to the 
same measure as before, but mean by the Prop, that 
the quantity ofmotiouj uniformly generated in a given 
time in the gold, is greater than that uniformly gene- 
rated in the same time in tihe cork, when placed at an 
equal distance from the attracting bodj^s centre ; or, 
in other words, that the weight of the gold is greater 
than the weight of the cork. The word, when used 
in this second sense« is called tlie motive force of gra- 
vity, and as, when speaking of gravity at different 
distances from the centre of the same attracting body, 
we mean the accelerating force of gravity ; so, when 
speaking of the grayity exerted upon different bodfes 
at the same distance, the motive force of gravity i.$ 
to be understood. Hence the following definition. 
• When gravity is considered as greater or less in 
proportion to the quantity of motion it uniformly pro- 
duces in a given time, then it is called the motive 
force of gravity,* 

The only difference then betwixt the accelerating 
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and motive force of gravity is this, that inasmuch as 
gravity produces both velocity and momentum, we 
call it one or the other, according, as for the sake of 
convenience, the velocity or momentum is taken to 
be the measure of it. 

(3) Lastly, we frequently speak of the gravity of 
different attracting bodies, as when we say that the 
gravity of the earth is greater than the gravity of the 
moon. By this Prop, it is meant that we accelerat- 
ing force of the earth, at a given distance from its 
centre, is greater than the accelerating force of the 
moon at the same given distance from its centre. 
The word, when used in this last sense, is called the 
absolute force of gravity ; and when the gravity of 
different attracting bodies is spoken of, the absolute 
force of gravity (measured in the manner above de- 
scribed) is always understood. Hence the following 
definition. ^ When gravity is considered as greater 
or less, in reference to the efficacy of the cause which 
produces it, then it Is called the absolute force ofgra^ 
vity. 

61. The aecderating forces^ acting upon hodiesy at differ* 
ent distances from different centres of forccy are as the abso^ 
ItOe forces, and the law of ike force javnAy ; i. e. i^4> and p 
represent ike absolvte forces, D and I ike two distanceSy and 
the law of ike force he the direct ffi power of the dsttance f 
F:f::* X D» : ?► X 5». 

For if the distances of the two bodies from their 
respective centres be the same, the accelerating forces 
are the same with the absolute forces, i. ^. if D = ^ ; 
F :y** • <> : f ; and if the absolute forces be the same, 
i.e. if ^ =: (p; ¥ : fll D" : >; /. when both the 
absolute forces and distances are different, ¥ i/ II 
* X D« : p X >. 

62. Co7\ If/y p, and J = 1 ; F will be represented 
by * X D", or by the absolute force and the law of 
the force. 
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PROPOSITION I. 

Note to Prep, 1. 

63. Since (Fig. 43^ the a» S A B, S B c, S c rf, 
&c. are always equal to each other, and to the a' 
SAB, SBC, S C D, &c. the whole S A B d 15 
equal to the whole polygon S A B C D, and their 
limits will be equal ; but the limiting position of A B ^2 
is that of a tangent at A, and the limit of the poly- 
gon S A B C D is the curvilinear area S A B C D ; 
if .'. A d (Fig. 4f4^ be the space described in the tan- 
gent with the velocity at A continued uniform, in the- 
time that the body describes A D with a variable ve- 
locity, the area S A c^ will be equal to the area SAD. 

Note to Prop. 1.,— Cbr. 1. 

64f. If the areas described in a given time are not 
equal, i. e. if bodies move in different orbits, the bases 
of the A% which in all cases represent the velocities, 
will be as those a' directly, and the perpendiculars 
upon the bases inversely, i, e. by taking the limiting 
R*"., the velocities of bodies revolving in different or- 
bits are at any points of the orbits universally as the 
areas described in a given time directly, and the per- 
pendiculars upon the tangents to those points inverse- 
ly. Hence, if the time be denominated 1, V = A B, 

^ . « 2SAB ,^ 2fl , 

but A B ri: , .*. V = — where a = area de- 

perp. p 

scribed in a given time, and p = perpendicular. 

Prep. 1..— Cor. 2. 

65. Suppose first the body to describe uniformly 
the diords themselves A B, B C ; join A V, then 
since C V is rz and parallel to B c, it is also 1= and 
parallel to A B ; •'« B V, which passes through 
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the centre S9 is the diagonal of the parallelogram 
A B C V ; now since the position of B V will not be 
altered by the magnitudes of A B, and B C, let them 
be diminished in infinitum, then will they ultimately 
coincide with the chords of two arcs successively de- 
scribed in equal times (when those arcs are diminish- 
ed in infinitum), and B V, which always passes through 
the centre, will ultimately coincide with the diagonal 
of the parallelogram formed by those chords. 

Prop. Ir^Cor. 3. 

66. If the body actually moved over A B, B C ; 
D E, £ F, &c. and the force acted impulsively, the 

.force at B would be to the force at £ accurately as 
B V to £ Z, they being the uniform e£Pects of the 
force at those points ; but if the force act incessantly, 
and consequently A B, B C ; D E, E F be diminish- 
ed in infinitum, the force at B will be to the force at 
£ in the ultimate R®. of B V : £ Z, i. e. as in the 
last Cor. in the ultimate R®. of the diagonals of the 
parallelograms formed by the chords of arcs succes- 
sively described in equal times. 

Prep. 1.— Cbr. 4. 

67. Draw the diagonals C A, D F, which will bisect 
B V, £ Z in »i and w, then (Cor. 3) P* at B : P* 
at E in the ultimate R°. of B V : E Z or in the ulti- 
mate R°. of B m : En; but the ultimate magnitudes 
and positions of B m, En are those of the sagittae of 
two arcs ABC, D £ F described in equal times, 
which converge to the centre S, and bisect the chords 
A C, D F when these arcs are diminished in infi- 
nitum. 

Prop. I. — Cor. 5, 

68. The parabolic arc described by a body falling 
obliquely at the earth's surface may be deduced in 
the same manner from the polygonal motion, only in 
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this case the sagittae will be equal and parallel to each 
other; these sagittae may, as in the former case, be 
proved to be measures of the force, i. e. of the force 
of gravity at the earth's surface ; hence the force of a 
body moving in any curve will be to the force of gra- 
vity in the ultimate R^. of the sagittae of the arcs de- 
scribed in equal times in the two cases. Now the 
sagitta of the parabolic arc described in a very small 
time, as one second, is known by experiment in feet ; 
if /• we can find the sagitta of the arc of any other 
curve described in the same small time in j(eet, we 
can make a direct comparison between the centripe-* 
tal force in the curve and that of gravity. 



PROPOSITION IL 

69. Let us first suppose that the body describes 
the polygon A B C D F formed by the chords of this 
curve, and that it is deflected only at the Z* B, C, 
D, &c.; then since B c = A B, the body, if not act- 
ed upon by any force, would at the end of the second 
portion of time be found in c, having described ^c ; 
but it is r<eally found in C at that time, having de^ 
scribed B C ; £? C /• which completes the a B C c 
must represent the quantity and direction of the force 
acting at B, since it is the motion which, when com- 
binea with B c, produces B C the real motion ; i. e. 
the force at B must act in a direction parallel to c C ; 
but since S BC (= S A B) = S B^, C c and S B 
are parallel, .V force at B acts in direction B Sf and 
it may be shewn in like manner, that the force at C5 
D, E, &c. is directed to the same point S. Now let 
the sides of this polygon be diminished and their N^. 
increased ad infinitum, in which case the force acts 
iq^essantly, and the body describes a curve line; the 
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demodstration still remains the same^ aince it did not 
at all depend upon the magnitudes of A B» B C, Sees 

Prop. 2,^Oor. 1< 

70. Let SAB, SBc (Fig. ^5) be ttro equal A* 
as in the Prop. $ draw c D parallel to B S, then if 
S B C be greater than S A B^ f. e. if the description 
of the areas be accelerated, the vertex of S B C must 
&11 without c D, •*• if c C be joined, and B F be drawn 
parallel to it, the centre of force S will be in B F, 
and /• must have moved up from S into that line, or 
it has declined towards that Quarter towards whicli 
the body is going; and in tne very same manner 
when the description of the areas is retarded, the ver* 
tex of the a will Ml within c D, or the force will 
decline to the other side of S, f • e» in antecedentia. 



Observations on the two last Propositions^ 

On Pofyffonal and CkirviUnear Motions. 

71. Let A B C D (Fig. MJ be a polygon described 
by a body round S, and suppose the straight lines A By 
B C» C f>, 8cc. to be described in the same indefinitely 
•mail time T. Now of this motion of a body in a 
polygon, it may be observed, (1) That the force acts 
only by impubes, which succeed each other after 
equal intervals, viz. when the body is at the points B, 
C, D, &&, and consequentlv that the uniform motion 
of the body in any side of the polygon, as B C, i$ 
compounded of two uniform motions; one which 
would carry it in the original direction whkb it had 
at B, viz. through B £ (=: A B) in the given time 
T; and the other, which would uniformly carry it 
through £ C, parallel to B S, in the same time T. 
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(i) That this uhiform velocity towards the centre is 
generated the moment the body arrives at B, by the 
instantaneous impulse of the force, and is just equal 
to that which a body would acquire by falling from 
rest in the given time T, by the uniform action of the 
same force. 

Now let uSj in the next.place, suppose the body to 
describe the curve A B C D, and to be found in the 
points A, B9 C, D9 &c. in the same instants of time 
that the body in the polygon was. Then the body, 
when at B, will no longer have the direction B E as 
in the poly^on^ but the direction B G, which is a 
tangent to the curve at B ; since then^ if the force had 
not acted, the body w'ould have been found in B G, 
but is really found in C ; it is evident that G C must 
be the space through which the force has drawn the 
body in the given time T ; which line G C^ since the 
force in the indefinitely small time T will not change 
its direction^ must coincide in position with EG. 
Now it will be shewn, Art* 78, that.C A. ultimately 
= 2 C L, and that B G is parallel to C L ; /. C A 
ultimately = 2 B G, and .'. E C ultimately = 2 G C ; 
that is, the deflection in the polygonal motion is 
ultimately just double the contemporaneous deflec^ 
tion in the curvilinean 

This difference in the deflection is what constitutes) 
the chief distinction .betwixt a polygonal and curvi- 
linear motidn; and a ve!ry little consideration will 
shew that it is just what ought' to take place^ from the 
difference of the hypotheses in the two cases. For 
since curvilinear motion is a case of continued deflec- 
tion, the velocity towards the centre, in any one in- 
definitely small portion of time, is a variable velocity 
beginning from nothing; whereas in the polygonal 
motion it is the velocity so acquired continued uniform 
for the same time ; consequently, since the force for 
the indefinitely small time T will be constant, the 
space described in the former case ought to be only 
half what is desicribed in the latter. Hence it is per- 

N 
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i^cdy legitimate to reason from a polygonal to a cur« 
"fvlinear motion, and the only difference between them 
is dris : that as in the curvilinear motion the force 
acts incessantly^ so, to make up for this, there is a 
proper corresponding diminution in the space through 
which it has to draw the rerolving body. 

Cor. !• Hence the force is measured, both in the 
p<dygonal and curvilinear motion, by the same quan- 
tity, viz. by the ultimate value of £ C or 2 G C ; for 
m the former case E C being die space uniformly de- 
scribed by the action of the force in the given time in 
which B £ is described, is a proper measure of the 
intensity of that forces and, in the latter case, since 
G C is a space freely described from rest in the same 
given time, 2 G C vrill be a measure of the fluxion of 
the velocity uniformly generated in that time, or a 
measure of the force. 

Ccfr. 2. Let S B = jT) then G C bding the deflec- 
tion of the curve from the tangent ultimately = \ d^yy 
• • force^in curve ( oc 2 G C) « iPy. 

Cor. :S* Though the fcnrce in the curve is properly 
measured by twice the subtense of the arc described 
in an indefinitely small given time; yet when the 
forces to be compared together, are all computed in 
the same way, it matters not whether we take the 
subtenses', (as Newton generally does, see Prop. 1, 
Cor. 4) or their doubles* as the measures of diem ; 
the R°. being the same in both cases. Nevertheless,, 
when the forces so found are to be compared with 
others derived from a fluxional calculus, (which has 
always a reference to the polygon) it is absolutely ne- 
cessary to take the double subtense for the measure 
of the force. 



PROPOSITION IV. 
72. Since the bodies (Fig* V7) move e^pudsly in Ae 
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vt^S «qual areas will in each case be described in equal 
times ; consequently equal sectors or areas will be de- 
.scribed round the centres S, s in equal times ; .*• the 
centripetal forces tend to the centres of the ©•. Again 
Jet B A £, bQc^ be two arcs described in the same 
indefinitely small time, then AC, a c, which bisect 
the chords and tend to the centres of the 0* will be 
the sagittae of these indefinitely small arcs ; .*. P* at A 
: F** at a in the ultimate R°. of A C : a c, or of 

chord A B^* ch. a bV arc A B)^ arcabV 

or of 



AG ' a g AG* ag 

(Lem. 7). Now let A F, ajf, be any two arcs de- 
scribed in equal times ; then, since the motions are 
uniform, A B : abi: A F : af^ /■ F at A : Fatal : 

arc A B1* arc a ^1* arc A PV* arc fljO* 






AG ' ,ug AS ' as 

73. If the absolute forces be different, the expres- 
sion for the force is the same; for the accelerating 
.force is in all cases proportional to the subtense of the 
arc described in an indefinitely small given time. 

Prep. if^^Car. 2. 

74* L^ F andy*be the centripetal forces of bodies 
^escrH>ing different 0% V and v their velocities, P 
4Lnd p their periodic times; C and c the circum- 
ferences of the 0% R and r their radii ; then since 
in all cases of uniform motion, velocity a space 

,C c 
-directly and time inversely, V : t; 1 1 — : — II (since 

.. R r 
flie circumferences^ 0' are as their radii) t; : — , 

P p 

R» f^ V* v" 

/. V* : t^ :: -s • "7 ; ^ence F ;/::—: — i: 
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NfOe to Prop. 4- — C(yr. 7. 

75. Let <p = absolute force, and the law of the 

1 
force be "SlijIT, > then if bodies revolve xoundi^^r^/ 

centres, accelerating force will (Art. 61) gc S»n^9 

R" (f>^ 

/. P a —r and V a w^"y 

■ 

Intyodvctory Article^ to Prop, ^^^^Cor, 8. 

76. Let P Q E be any curve (Figs. 48 and 49^, 
and S any point within it ; take any point 5, and from 
it draw any line sp ; suppose the radius vector S P of 
the curve F Q E to revolve round S, and at the same 
time let the line sp begin to revolve round 5, with an 
angular velocity always equal to that of S P, and so 
that sp may always be to S P in a given^ R°. ; then 
will the curve, traced out by p^ be siniilar to the curve 
P Q E (Art. 27). The points S, 5, are called points 
similarly situated; and if A^psq^ psc^ &c. = Z* 
P S Q, P S C, &c. respectively, then p^ q^ c, &c., and 
P, Q, C, &c., are called similar points ; sp^ sq^sc^ 
.Sfc, and S P, S Q, S C, &c. similar or homologous 
lines ; pqy pc^ qc, &c., and P Q, P C, Q C, &c. si^ 
milar or homologous arcs ; and psq^ psc, 5^ s c, &c., 
and P S Q, P S C, Q S C, &c. similar areas of the 
similar figures respectively. 

77. From the definition of similar figures, it foli- 
lows, (I) That if S, s be points similarly situated, the 
chords of similar arcs P Q, pqy make equal Z* with 
the radius vectors SF^ sp; and are to each other in 
a given R°. For since P S : SQ 11 p s : sq, and 
Z P S Q = A psq^ .\ A* P S Q, p 5 5^ are similar ; 
/. Z QPS = Z qps, and PQ \ pqlWB : p$ 
in a given R°. (2) That the tangents to similar 
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points P, J9, mako equal Z** with the radius vectors 
to those points; for Z S PQ always = Z sjp^^ by 
the first cas^, /. they are' ultimately equal ; but these 
Z" are ultimately tne Z* between the tangents and 
the radii, .'. Z S P R z= Z 5 jt? r. (3) That similar 
arcs P E, pe^ as also similar areas P S E, pse, of 
similar figures are to each other in a given R°. ; for 
let the similar arcs P E, jp ^, be divided into the same 
number of similar arcs P Q, Q C ; j? y, y c, &c., and 
draw the chords ; then, by the first case, these chords 
are to one another in a given R°., viz. in the R°. of 
S'P : sp; consequently the sums of the chords are in 
the same given lt°. ; and since this is always the case, 
they are also ultimately in this given R°. Hence, 
Cor. Lem. IV., the arc P E : the similar arc p e in 
that given R°. ; i, e. similar curves, or similar arcs of 
similar curves, are to one another as any similar or 
homologous radius vectors. And in the same manner, 
by dividing the similar areas into similar parts, we 
have the areas of similar curves^ or of similar parts 
of similar curves to one another in a given R% viz. in 
the duplicate R°. of any homologous radiu$ vectors, 
(4f) That the similarly situated chords of curvature 
P V, J5 17 to similar points of similar figures, are as 
the- radius vectors tp those points, or as any other 
homologous lines in the figures. For draw the sub* 
tenses Q B, g r of the evanescent arcs ^Q^pq parallel 
to S P, spi then, by the nature of the of curva* 
ture, PV:PQ::PQ:QR; 2Liidpv ipq'.lpq '. 
qr ; but by similar a' P Q : Q R '.\p qi q r, •'. 
P Y : p V II P Q: p q :: ST? : s p, QV as any homolo- 
gous lines in the figures. 

78. Let A P Q be any arc, {Fig. 48) A Q the 
chord of that arc ; S the centre of force. Draw the 
radius S P bisecting the chord A Q, then will P N 
, be the sagitta of the arc A P Q at the point P wher^ 
jS N meets the curve ; draw the tangent B R, and the 
subtenses Q R and A R parallel to S P, and let P V 
be the chord of curvature at the point P ; this being 
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in^misedy it follows (1 ) That this si^itta will ultimate-* 
ly bisect the arc A P Q, or that the point P is ulti- 
mately in the middle of the arc A P Q : for since Q N 
= N A, and that Q N ultimately = arc Q P, and 
A N ultimately = arc A P, .*« arc Q P ultimately = 
arc A P. (2) That the chord A N Q is ultimately par* 
allel to the tangent B R drawn to the curve at the 
point P ; for A B is ultimately to Q R as P B^ cur 
P A* to P R* or P Q», i. e. in a R° of equality ; they 
are also parallel, /« A Q and B R are also ultimately 
ifmralleL (5) That the evanescent subtense Q R or 
A B is ultimately = to the sagitta P N, which ulti- 
mately bisects the arc A P Q ; for R N is ultimately 
a pandlelogramt .% Q R and P N are ultimately 
equal. 

Prop. ^^r^Car. 8. 

79. Let APE, ape (Figs. 48 and 49 J be two 
similar figures, having the centres of force £!» s similar- 
!y situated in them, P and p similar points of the or- 
bit, A P Q, tipq two arcs described in the same time, 
whose middle points are ultimately P and j?, join S P, 
sp ; then since PH^pn ultimately bisect the arcs 
A P Q, apqy they are ultimately the sagitts of those 
arcs (Art. 78), .'. centripetal force in P : centripetal 
force in p in the ultimate R**. of PH : pn; or of 

-Q R : y r (Art. 78), or of ^ ^^ : — , or by 

r y p V 

reason of simi lar fi gures, (Art 77) in the ultimate R^ 

QP^ qYa\* 

Hence the centripetal forces in these similar points 
are also as the squares of the velocities directly, and 
the distances inversely ; for the velocities are in the 
ultimate R°« of the arcs A P Q, a^ ; described in the 
same time. 

Again, the centripetal forces at those similar points 
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sre also as the distances directly, and the squares of 
the periodic times inversely. For let A P Q, a j9 gr 
no longer represent evanescent ares described in the 
flftme tiBte^ bat similar evanescent particles of the 
simikir curves, described in the indefinitely small 
times T and t; also let V and v represent the velo- 
ottes at P and p ; A and a the whole areas of the 
'sdmilar figures; P and p the periodic times; then 
since A P Q, izjfq iftay be considered as described 

APQ apq SP sp 
uniformly, V : v 11 — rp— • -y~ '• -^ • — r— 

V* w* 
(by Art 77); but F at P : F at ;> :: -— ■ : -, 

SP sp 
:. FatP: F at pll-TpT ' -zf-' ButsinceTrP 

::SQA ; A and ti p'^'Sqai a and that SQA 

: sqall Ai a (Art. 77)i /. T : ^ :i Yip; hence F 

SP sp SP sp 
at P : F ati? :: -^ 



^» ' 43, ' H* 



P^ 

Hence since F a -:rr- and as :=rr- in similar fiir- 

ures, the preceding Cors. will apply to bodies de- 
scribing similar parts of similar curves, having their 
centres of force similarly situated ; for Ex. if the peri- 
odic time be as the nth power of any homologous 
radius vectors, the forces will be reciprocally as the 

2n — l*** power of any homologous radius vectors, and 
the contrary; and note, when distances are mention- 
ed, the similar or homologous distances are always 
understood. 

Prop. ^^-^Cor. 9. 

SO. Let P A (Fig. 50) be an arc described in any 
time, P B the space fallen through in the same time 
by the force at P continued uniform ; take P Q an 
evanescent arc, Q R the subtense parallel to P S, and 



1(H 



complete th^paralleloffram; then the evanescent sidv 
tense Q R or P C is the space fallen through by the 
centripetal force, in the same time that the arc P Q 
is described (Art 71). Let T and t represent the 
times of falling through P B and PC, or of describ- 
ing the arcs PA, P Q ; then since S varies as T*, 
when F is given, P C : PB :: ^* : T* :: PQ* : P A^ 

PQ* PA* PQ» PA* 

but P C = -^\ .-. P B = 
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PG • pG*""^* ^ - PG' PG 

andPB: PA::PA : PG. 



Deductions fr (mi Prop. 4t and its Cors^ 

81. Stqjpose a body to revolve uniformly in a drde; re- 
quired ^ space through which it mustfaUy when acted upon 
by the centripetal force at ihe circumference continued uni- 
formy in order to acquire the velocity it has in the circle. 

Let P B fFig. 50 J = required space, and suppose 
P A to be the arc uniformly described in the time of 
the body's falling through P B, then P A = 2 P B-; 
but (Cor. 9) PB : PA :: PA : PG; i.e. PB 

:2PB::2fPB : PGor2PS, .-.PB = — = 

^ radius. 

82. Required the same in any curve, 

LetP O fFig* 48^ = required space, P V = chord 
of curvature, P Q an indefinitely small are, and Q R 
( = P N) the subtense of the Z of contact ; then since 
the velocities are as the spaces uniformly described in 
the same time, velocity in curve : velocity acquired 
through P N :: P Q : 2 P N, .-. 
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V* in curve : V» through PN M EQ* : 4 PN*; but 
V* thro^ P N : V^ thro* FO, or V^ in curve : : P N ; P O 

/* P Q» X P N = 4 P N» X P O, and P O = 

PQ» PV 

T-p^ = —7^ = J of chord of curvature. 

V* 

Or thus, by Art 96, S = -g^*, but V* =s F X 

F.iPV PV 

83. JRequired the velocity and periodic time of a body re- 
vohnng in a eirck at the earth*s surface* 

Let V = velocity required, measured by the arc 
described in one jsecdnd, r = radius of die earth, 
g =s 32i feet; then in general V* = 2 F S = 

r 
in this case 2 g S s^Art 81) 2 g X ^ == S^^j •*• V 

^=L ^ g r := feet per second. 

Again, to find the periodic time, put ^=3.14159 &c. 

2 «• r 
/• whole circumference = 2 ir r /. P. T = = 

2 ^ r /ir, 

^ — L = ^ \ ~in seconds, r being expressed in feet. 

^ g r V S 



* The following are the formulas applicable to the rectilinear 
motion of bodies acted upon by constant or variable forces ; de- 
duced upon the supposition that gravity is represented by g » 
32^ fee^ its effect produced in l'^ 

Force constant Force variable. 

V =s Ft ds =: Fdt 

, __ <© dts=vdt 

S vdvz= Fd* 



av 



res' 

Cor. 1. The velocity in miles = 4,92083 per sc-- 
cond, and the P. T = 1^'. 24.™. 27*. 

Cot, 2. Hence if a body be projected from any 
point P on the earth's surface in a horizontal direo 

tion with the velocity of ^ g r feet in a second, it 
will revolve as a secondary round the earth ; for sup- 
pose a body so to revolve, then at the point P it will 
have the same direction, the same velocity, and be act- 
ed upon by the same force as the projected body, Z*- 
if the revolving body continue to move round the 
earth in a 0, the projected body must also revolve 
in the same manner. 

Cor. 3. Hence also having given the radius of the 
circle described by any revolvmg body, and its velo- 
city or periodic time, we can compare the centripetal 
force with that of gravity. For since by Prop. 4, F. 

V* V* »» 

oc "yT^ ^ • ^ • • "rT" ' ~ir~ * ^^ ^ ^® force of 
gravity, then will r = the earth's radius, and t^ = 

g r, /. F : gravity :: -g- : g. 

R r 

Again, since F :/ : : -pp : — j- ; call f the force 

of gravity, then will r = the earth's radius and ^ = 

4flr*r_ R gr R 

-^,/.F: gravity;: —: ^ ::— : 

- , -• ; where R must be expressed in feet, and P in 

seconds. 

Cor. 4. To find an Equation for the force we have 

by last Cor. F : force of gravity V. — ^r- : g\ now let 

the force of gravity be represented by its effect pro- 
duced in a given time as 1", or by g; then Y \ g\l 

V* V* 

-r^ : g, /. F = "p""' And upon the same suppo- 
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-sition it will be found that F — — 7-—.. 

To shew the use of the two last Cors. let us apply 
them to the solution of the following Problems. 

84. 1 . Let a body revolve in the circle MED (Fig. 51) with 
*a velocity acquired in falling through M B fty gravity ; re" 
-gtdred the Ratio of the centripetal force to that of gravity. 

Let V = velocity in curve, then V* = 2^ X 
M B ; hence since F varies as -^^^ we have as in 

MX 

^ 2g X MB 

£rst part of Corollary 3, F : gravity : : r-j— — 

:g::2MB:MS. 

Cor. If the body be made to revolve uniformly in 
the M E D by means of a weight fixed to a string ; 
then we shall have the tension of the string arising 
from the centrifugal force of the body, to the tension 
arising fipm the same weight hanging freely, in the 
above K°. of 2 MB: MS. 

2. Compare ^ force of gravity with the centrifugal force 
-at the eqiwJtor. 

Let P = time of the earth's revolving round its 
axis in seconds, R = radius of the earth in feet ; then 

smce F varies as — , we have as in 2d part of Cor. 

3, Centrifugal force at Equator : Force of gravity \\ 
R j^ 

P» ■ 4 flr»' 

3. Given dk moofCs periodic time, and the radium of her 
orbit; to find hm far she would faU in V Supposing her 
projectile motion to he destroyed. 

Let P = moon's periodic tune, R = radius of her 
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orbit, then since F varies as -^ we have by Cor. 4 

4^|R FT* 2^R 

F - "P^* •'• 2 " P» ' 

4. Requhtd the periodu: time (fa body descri^ 
pal 9wface* 

The bod; at B (F^. 62 J is retained in its orbit 
by three forces ; gravitv in direction S A, tension of 
the string in direction B S, and centrifugal force in di- 
rection A B, /• the sides of the a S A B will repre- 
sent them ; hence centrifugal force or F : gravity org 

^ _ ^ g.AB -« . 

: : A B : S A *.% P = ^ . ; hence since F vanes as 

R ^.AB .. AB g 

pi,wehave-g^:g.. -^: j;; .. I- = 

♦ ** S A , ^ ./TSA 
and P = * v' . 

8 g 

Ca r. \. H ence periodic time : T through 2 S A : : 

.TSA ^/STa 

^ ^ . ^ : : «• : 1 : : circumference of 

: diameter. 

Cor. 2. Required the periodic time when the ten- 
sion of the strmg = 3 times the weight of the body. 

L 

Let S B = L; then will S A, by Problem, = — , 

^.AB fi^.SAB , g.SAB AB 

:. F = ?- — =^— 7—: hence ^—-— .-g^^-^r- 
SA L L ^ P» 

V 4^SA4«*L 

^ , .-. P* = = , and P = * 



'4flr»' g 3g 

/Tl 

3^ 
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PROPOSITION VI. 

85. Let BPQ, bp j, {Fig. SSJ be two indefinitelj 
small arcs described in the times T, ^ ; S and s the 
centres of force; S C P, 5 cp^ the radii vectors^ which 
ultimately bisect the chords BQ^ bq, and /• also ul- 
timately bisect the arcs "BPQibpqyhiT? and p, (Art. 
78} ; draw the tangents PRy pr^ and the subtenses 
QR, qr parallel to SF^ sp; let also K P L be an 
arc described in the same time with bp q^ and which 
shall be ultimately bisected by SP; dien will its 
chord K L also be ultimately bisected by S P, and 
oonsequendv PC, P N, ^ r, are ultimately the samttss 
of the arcs B P Q, K P L, d^ j^« Hence since K F L, 
bp q are arcs described in the same tune, 

V^ipc :: Fat P : Fat;?; and by Cor. 2, Lem. 11. 
PC;PN::PQ*;PL*::BP(y zKPL^riT*;/^ 

PC 

:.VCi pc :: F X T* :/X /*; and F:/::-=;j- 

p c 
- TT lor the force in the middle of the arcs varies as 

sag ittae of those arcs 



timei* in which they are described. 

This Prop, is eeneral, being applicable to different 
bodies revolving m the same or different orbits, and 
round the same or different centres of force. 

Prep. 6*— Ow. 1. 

S6. Let P Q and p q {Fig* 54! J be two indefinite- 
ly small arcs, P R, 2? r tangents at P and p; QR 
q r subtenses parallel to S P, 5^ ; then Q R, y r are 
ultimately = the sagittae of two arcs whose middle 
points are P, p (Art. 78) or the sagittee of double the 
arcs r Q, p.q j also the time of describing 2 P Q is 
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ultimately proportional to the time of describing P Q; 

OR. a r 

hence Fat P : Fat^ :: t^^^^ = tT^^ - 

QR qr . 

-— : -— : . (smce m the same curve 

T^.PQ T*..pq ^ 

the areas are proportional to the times) q p w n> * 

qr QR qr QR 

If^ '* iSP.QT^* ' JS^:^»**SP.»QT*- 

? u e. the centripetal force, in different points 

of the same curve, is in the ultimate Ratio of 

SP.QT* . 

— QP^ — inversely. 



Nofes to Prop, Q. — Cor* L 

SP.QT* 
87. — -pyu — ^^ called a solid, because it is of three 

QT* . . 

dimensions; for Tyn" being a third proportional to 

two lines QR and QT, must also itself be a line, and 

SP.^QT*. 
SP* is the product of two lines; .'. q-^ is 

the product of three lines, and is therefore analogous 
to the solid content of a parallelopepid, whose three 
adjacent sides are the three lines. Again, not only is 

SP.»QT* Sp.^qt* 

the Ratio — 77-5 — : a finite Ratio up- 

Q R qr ^ 

on the coincidence of P and Q, but the terms of the 
R°. also are always finite ; for S P* is finite, also since 
the A- S P Y, Q N T are ultimately similar S Y» : 

Q T* Q N* 
S P» :: Q T* : Q N* - -qr- : -q^ ; but the 
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limit of ^p is the chord of curvature P V, a finite 

QT* 

line, .'• also the limit of q p -, and consequently of 

SP*. QT* . 

— Q p 9 is finite. 

88. The formula for the centripetal force, given in 

the above Corollary, is only applicable to the finding 

the variation of the force, in different points of the 

same orbit, and does not extend to different curves ; 

for in the proof of that Corollary, the area S P Q 

was assumed proportional to the time in which it was 

described ; which is not generally true for different 

orbits. We may, however, find a general equation 

Sag*, 
for the force thus — In all cases F a -rp,- .*; F : 

QR ig 2QR' 

gravity (g) :: -^ : -^ /. F = ^^ . Now 

let a = area in 1'', then a : S P Q :: V : T 
SPQ SPxQT _ SP»xQT* 



a 2a 4a* 

8 a* X Q R . . 
F = opa y QT* > which is a general expression ap- 
plicable to different orbits, round the same or differ- 
ent centres of force. If A = whole area of the curve, 
and P = periodic time, we have P : 1" 11 A : a = 

p- ; .'. in this section and the following we may, if 

8 A* 
necessary, for Sc^^ substitute "pT' 

Prop. 6,^^Cor. 2. 

89. Draw S Y, S y (Fig. 54iJ perpendicular to 
the tangents at P and p s then since S P X Q T = 
8 Y X Q P, being each ultimately double of the 
A S Q P, and that Sii X y ^ = S^ X jp for the 



■ ■ -■ ■ »" 
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same reason, /. F. at P : F. at p in the ultimate R^ 
QR qr 

^* SY» XQP 'Sy» xyii*' 

Notes to Prop. 6..— -Cor. 2. 

SY* X QP» 

90. For the reasons given in Art. 87> "OK 

is a solid, and it is also finite upon the coincidence 

QP* 

of Q and P ; for S Y* is finite; and ^^ is ultimately 

= chord of curvature P V, a finite line. 

91. The above Corollary is only applicable to dif- 
ferent points of the same curve, for the reasons given 
in Art. 88 ; but it may be made general by the me- 
thod pursued in the former Corollary, from which it 

• 1. 1. . .. 8a» X QR 

appears that the centripetal force =r cv* y OV* 

Prop. 6. — Cor. 3. 

QR 

92. By Cor. 2, F. at P : F. at ^ : : g v* X Q P^ 

qr . QP* 

: g^ ^ — 3 ultimately, but Qp- is ultimately = 

chord of curvature at P = P V, and ^ vv^ .*. 

' qr ^ ^ 

1 1 

F. at P : F. atp :: SY*XPV ' Sf X pv 

Notes to Prop. 6. — Cor. 3. 

8 a* 

93. In general F = g y* x P V ' 

94. From this Cor. may easily be deduced De 
Moivre's expression for the centripetal force. For 
let P N (Fig. 55 J be the curve, P F the diameter of 
curvature, and PCs r^ius of curvature = R, the 
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rest as before ; then by similar a*, S P : S Y ! : P F 

2R X SY 
(2 R) : P V = gp , /. F varies inversely 

SY^XR . 
as -^ p ; which expression may be made gene- 
ral in the same manner as the rest 

Prop, 6. — Cor, 4. 

95. By Cor. % P. at P : F. at ;? t : g y* v P V 
1 

• Sy"x^' ^^^ ^^""^ ^' ^""""P' ^^ SY* : sy :: 

V* at P 
V/ sXp : v.* at P; .\ F. at P : F. atp :: py 

V*atjo V* 

: 5 or the centripetal force at -r — '' — r 

pv ' ^ . ch. curv®. 

Note to Prop. 6. — Cor. 4* 

8 u^ 
96 in general F = qv* X PV ^ ^^^ ^^^' ^** 

4 a* V* 

S Y* = "T3i"j •*• F = j^py * Hence the formula 

V* 
-^-y for the centripetal force in Cor. 4 is general, 

and applicable either to one or different orbits, round 
the same or different centres of force, and the reason 
why a general expression should' be deduced from 
one that is not general, is obvious from the method 
of proof observed in this Kote. 

Or the Equation may be thus deduced. In gene- 

PV 

ral V* = 2 F S =t 2 F X -— - (Art. 82) = F X 

4 

pv v» 



2 ■'•'•^ ' iPV 



M4. 



Miirodtictori/ 'Ar ticks to the remaining Pdrfi^ 

of this Section* 

97. If a bodijfy tttgfedTn/ cmy centripeXaiforce^ is moved in^ 
amy manner ; and another body ascends or descends in a^ 
right line ; and their velocities are equal in any one case cf 
equal altitudesy their velocities loiU be eq^al at aU equal al- 
tihides* — ^NeWt. Lift. L^ Prop* 4(K 

Let any body desc^id from K-^Fig^ 56^'througb 
D, £9 to the centre C ; and let another body be moved 
from V in the curve line V I K *. With the centre 
C, at any intervals, let the concentric circles D I, 
E K be described, meeting the right line A C in I> 
and E, and the curve line V I K in I and K. Let 
I C be joined meeting KE in N; and let the perpen- 
dicular N T be drawn to I K ; and let the interval 
t) E or I N of the circumferences of the circles be 
very small } and let the bodies have equal velocities in 
D and L Since the distances CD, CI are equal, 
the centripetal forces in I>aud I will be equal. Let 
these forces be expressed by the saide eqjual Ones D E, 
I N ; and if one force I N is resolved into two N T and- 
I T; the force NT, by acting in the direction of the 
line N T perpendicular to 1 T K the path of the 
body, will not change the velocity of the body in diat 
path, but will only draw the body from its rectilinear 
course, and make it turn aside continually from the 
tangent of the orbit, and proceed in the Curvilinear 
path I T K ^. In- producing this effect^ that whole 
force will be employed : but the other force IT, bv 
acting in the direction of the course of the body, will 
be wliolly employed in accelerating it, and in a very 
small given time will produce an acceleration propor- 
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nional to itself. Therefore the accelerations of the 
.bodies in D and I, produced in equal times (if the 
limits of the ratios of the pascent lines D E, I N, 
IK, I T, NT wre taken)>are as the Hae* D E, IT; 
but in unequal times, are 9s those lii^s and the times 
jointly. But the tirae^ in jwhicb D E and I K are 
described, because of the equal velocities, are as the 

spaces described D E and I K ; a^d therefore the 
accelerations, in the course of the bodies through 
the line* D E and I K, are as D E and J T, D E 
. and I K jointly ; th^ is, as D £^ and the rectangle 
^I T X I K. But the rectangle I T X I K is equal 
to I N^, that is equal to D E^ ; and therefore equal 
accelerations are ^nerated in the transit of line bodies 
^from D and I to E and K : therefore the velocities of 
^die bodies in E and K are equal: >and by the €ame 
.argument th^ will always be found equal in all sub- 
vsequent equal distances. Which was to be demon- 
strated. 

By the same argument, bodies with equal velo- 

* cities, and equally ilistaut from the centr^^, will be 

^quaUy retarded in their iascent to ei^iial di$tances. 

Which was to be demonstrated. 

Hence the followiiiig Corollaapy. 

Cor, Let C be tfce centre of force, A Che point from 

which a body must fall by the action of the force -to 

acquire the velocity in the curve at V, C D and CI 

«qual distances from the centre- C in the straighj: line 

and curve ; v == velocity at I, CI = j:, F = force in 

direction I C, then will v dv = — -F (Lr ; for v, dv, F 

and dj^ are the aame, both in the curve and straight 

line, He^ce, according ta whatever law die velocity 

of the body descending in the right line V C may vary, 

in tjie same manner will jii^e velocity in t|^ <ciu*ve aUo 

vary. 

98. To find ^ Jfiiixiondl expression for (he law of the 
force, supposing a body to revolve round a fixed centre. 

Let y zz distance of the body from the centre rf 



116 

force, p = perpendicular upon the. tangent, F = 

force, and v = velocity at the distance y ; then it* 

4 a* ^a^ dp 
= .*. vdv = — ^ ; but, Cor. Art 97, 

^(^ dp dp 

vdv ::: — Fdy, /- F = pc -- — . 

p^ dy p^ dy 

Or the same immediately follows from Prop. 6, 
Cor. 3, for F = ^"^ 



SY* X PV ^pdy 

P* X —J 3 

4 a* rfp op 



'^ p^ dy 

Ex. 1* jRequired the law of the force in the hyper^ 

ay I I \ 

bolic spiral. — Here p = , ■ i /. — = — + — 

'^ a^ + y* p^ y a* 

dp dy dp I 

•'. — oc — and F a a — • 

p^ y3 p^^ y 

E^. 2. Required the same in the spiral of Archie 

y I 6* 1 

7»e*5.— Here i> = ^ , •*' "T = ~I + T* '*• 

2 dp iib^ dy 2 dy dp 2 6* 
— — IS -— - + — — , .*. F a a ' 

p^ jT f p^dy / 

1 

*? ■. 

Ex. 8. jRequired the same in the involute of a cir^ 
cle, — Let r =; radius of the 0, then by the nature 

1 1 

of the curve j^* :;r y — r*, .*. — = , and 

pi^ y* — r* 

dp y 2/ 

-- — a a a — ' 

p^ dy y* "-r- 7* p^ 

Ex. 4. Required the same xvhen the square of the re- 
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locity is proportional to the logarithm of the distance 

1 dp I' 

Here w* a log, y^ .% — « log. y^ .*• -- — a — — 

f fdy y^ 

the force /• is repulsive, and varies ^inversely as the 

distance* 

99. The squares of tike velocity of bodies revolving in any 
curve J are in the joint JRoHo of the accderaJdng forces ^ mid 
chords of curvature. 

For (Art. 96) V* = F X J P V a F X P V. 

100. To compare the velocity in any point of the curve, 
with the velocity of a body revolving in a circle at the same 
distance. 

V* a F X P V, and in this case F is the same 
in the curve and 0, .*. V* : w* I : PV : p v. 

Cor. Let y = distance from the centre of force, 
p = perpendicular on the tangent, then if for P V, 
p V, we substitute their values, we shall have V* : i;* 

dp y p 

101. If a body revolve in a curve of any kind round a 
centre offorce, to compare the ZJ^ velocity of the perpenduni- 
lar upon tlie tangent y with that of the radius vector. 

Let P, Q fFig. Sj be two points in the curve in- 
definitely near to each other, to which the tangents 
P Y, Q^ are drawn ; let fall the perpendiculars S Y, 
S^ upon the tangents P Y, Q^, and from P and Q 
draw P C, Q C perpendicular to the curve at P and 
Q, which will meet in C, the centre of curvature ; 
then since P C, Q C are respectively parallel to Y S, 
^ S, the Z P C Q = AYSy; hence Z' velocity of 
perpendicular : Z' velocity of distance :: Z Y Sy : 

QP QT 
z PSQ:: z PCQ: z PSQ ::— - : -^i- :: 
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CP PO 

— : :: SP : PO ::.2 SP : PV :: ^y - 

CP S P ^ 

'^J?dy^ ..dp dy 

dp p* y' 

Cor. Hence, and by Art. 100, N* in -curve : V* 
in at the same distance ZI Z' velocity of distance : 
Z** velocity of perpendicular; and /. flie velocity in 
the curve s: velocity in the at the same distance, 
when the Z' velocity of the distance = the Z' velo- 
city of the iterpeodicular. 

102. ne angular pdgcify in anj^eurve is as tie area de- 
.jtcribedia a giomime dinU^, a$id ine square tf thedis^ 
>tanc€ inversely. 

Let V&Q,y psq (Fig* 67^, be two indefiiuiely 
small Z '; A a#l a the areas described about. S 4Uid s 
in dbie «aiae given time, tbw Z' velocity about S : 

QT 
Z' velocity about s t: Z P5Q : ^psq :: -— : 

at SP.QT sp X at A a 

' sp'^ SP* ' sp" *' SP* ' sp"^ 

Cot\ In the same curve A = «, •'• Z' velocity a 



^ist. 

103. To find the wariaikm ^ theparaoentric ifehcity in 
tOMgemve. 

Let P Q {Fig» 5Sj rqjrpsent the velocity in the 
<:urve ; draw Q T perpendicular to S P, then will 
9P T represent the velocity towards the centre ; to find 
iwhiclu put S P = y, S ¥ = p, then S P : P Y ::: 

2rt 



PQ:PT = 



P'QXPY^-yX^yCT^, oc 



SP J 

TV 
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F04. Required' the raU at which the linear vdoeUy dt" 
erecises in any curve. 

Let SP=^, SY :s: pfV zs velocity in curve at 

I dp dp 

P, then since v a — , — th cc — — or A; « — : 

p P^ P^ 

fh)m the eqiiation ta the <)urve got a value of j> ia 

dp 
terms of ^ and conseqiiently a value erf* — in terms 

P* 

of j^ and ^; but ^y» — jp» :^ H P T or €^ : Q T 

i>#_ . 1^3^^ =SPXQT=:area 



f 



described in a given time =: Iv •*• dy :r — K. ^ 

... . py 

substitute this value of dy in the proportional equa- 

dp 
lion dx> cc — , and the thing required is done. 

P" 

105. Required the rate at which the Z.^ velocity decreases 
if I any curve. 

Let a represent the Z ' velocity, then « a — , /• 
— daoc- orrfaoc — ; b«t by the last Article, 

y y 

^y py^ 

Of the nattcr€j wtriation^ ^.^ of the centryk- 

gal force. 

106. Supposing a body to revolve about a centre 
of force, and the motion m the curve to be resolved 
into two, one in the direction of the radius vector^ 
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and the other peipendicular to itj it is evident tJiat 
that part of its motion, which is perpendicular to die 
radius vector, will give the body a tendency to recede 
from the centre. This tendency of the body to re- 
cede from the centre, in consequence of its rotation 
round it, is called the centri/iigal force, and the space 
bv which it thus recedes, in an indefinitely small 
given time, is the measure of this force. 

Thus let P Q (Fig. 57 J be an arc described in an 
indefinitely small given time, S the centre of force ; 
resolve P Q into P T and T Q, and with S as centre 
and S Q as radius describe the circular arc Q .r. Now 
since P Q represents the whole motion of the body^ 
P T will represent that paft of it which is towards the 
centre ; and by this alone the body would be found 
at the distance S T from the centre at the end of the 
given time ; but in consequence of the motion T Q 
perpendicular to S P, it is really found at Q at the 
end of the mven time, and at a distance from the 
centre = S Q or Sor. In consequence /• of the per- 
pendicular motion T Q, the body has receded from 
the centre through a space = T ^, which .*. by the 
definition is a measure of the centrifugal force. 

107. Strictly speaking, the term j^c^, applied to 
this tendency of a body to recede from the centre in 
consequence of its rotation round it, is inaccurate ; it 
being merely the effect of that property in all matter 
of persevering in its rectilineal direction : it is .*. de- 
nominated a force, merely because we must employ a 
centripetal force to balance it, just as we suppose a 
resisting vis inertiee because we must employ force to 
move a body. 

108. From the above definition of a centrifugal 
force, it follows ( 1 ), That if a body revolve in a circle, 
the centripetal and centrifugal forces are equal ; for 
T P (Fig. 59 J is the space through which the body 
recedes from the centre in consequence of the per- 
pendicular motion T Q, and .% represents the centri- 
fugal force ; also P T taken in a contrary direction 
represents the effect of the centripetal force, /. &c. 
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Or the same condusion may be deduced from consi- 
dering that the body always continues at the same 
distance from the centre, and .'. through whatever 
space it must recede from the centre in consequence 
of the centrifugal force, through the same space must 
it approach the centre in conseqilence of the centri- 
petal. 

(2) That if a body revolving in any curve come to 
an apse, it will, after that, approach to, or recede 
from, the centre, according as the centripetal is great- 
er, or less, than the centrifugal force. For let P Q 
tJFig. 60) be th6 curve, P the apse, P A a descri- 
ed with S as centre and S P as radius, and which 
falls without the curve P Q; then by constructing the 
figure as before, we shall have T iT to represent the 
centrifiigal force, and P T the centripetal ; but since 
S A is greater than S Q^ P T is greater than T op, 
i. e. when the body approaches the centre from an 
apse, centripetal force is greater than centrifugal, .'. 
conversely, &c. But if P A (Fig. 61) falls within 
the curve, i. e, if the body recedes from the centre, 
T ^ is greater than P T, u c. centrifugal force is 
greater than centripetal, .'. &c. Or the same con- 
clusion may be deduced from considering that since 
the whole motion towards the centre is the effect of 
the centripetal force, and the whole motion from it 
the. effect of the centrifugal, the body must approach 
to, or recede from, the centre, according as the first 
is greater or less than the second. 

(S) That if the body be not at an apse, u e. if the 
direction of the body's motion be oblique to the radius 
vector, the body's approach to, or recess from, the 
centre, does not depend upon the centripetal force 
being greater or less than the centrifugal ; for in this 
case P T (Fig. 62) = P^ + yT =: Ft/ + QU, 
L e. the motion directly towards the centre is made 
up of the motion Q R in that direction arising from 
the action of the centripetal force, together with that 
part of the tangential motion represented by P j^, 
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wfiicb is in the direction P S ; hence, iu conseqneDCe 
of this tangential motion, the body may approach to 
the centre S, eren though the centriuigd force be 
greater than the centripetal, as is represented in the 
figure, and the contrary. 

(4) That in all cases the centrifugal is equal and 
opposite to the centripetal force of a body revolving 
in a circle at the same distance, and with the same 
/L^ velocity ; for if ;r Q represent a circular arc de- 
scribed in the same ffiven time in which the arc P Q 
is described, x T will be a measure of the centripetal 
force in that circle, but T x has been shewn also to 
represent the centrifugal force of the body revolving 
in the curve P Q. 

109. The cmirifiigaijaroe in different points ef di ff eren t 
curves is proportional to ihe square of die area described in a 
ffieen time direedk/^ and ihe cube rfthe distance inversefy* 



For centrifugal force at P (Fig. 57J : D^ aipll 

QT* qe SF* X QT* sp'Xqf' 

X I tx II ■ ^ ^ : — •• ^ ^- t """""-^ 

SP sp SP' sp^ 

a* ..V»P* v^p^ 



: --' — 3, or (Art 64) : 



Dist.5 Dist' ' ' H^ d} 

Cor* 1. In the same curve A s a, i . e. in difierent 
points jof the same curve, the oentnfiigal force oc 



Cof\ 2. To find an ^uadon for the force, we have 
^ 2Tx _ 2QT» _ SP/QT* A^ 

^* ~ 1^ "■ 2SP "" SP' ■" DSt?^' 

if A s twice area described in V\ 

110. To con^re Ae centripetal and eentr^^iffot Jhrcet in 
any curve. 

Centripe,tal : centrifugal force :; Q R : Tor :; 
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PQ* QT» SP* SY» , . ., 

: :: : (by similar A'), r; 

PV 2SP PV 2SP' 

2 p dy y^ dy 

2 SP» : sy* X P V :: 2y :i..» -^ ::"^ : ^ 



PROPOSITION VIl. 

Notes f!0 Prop, 7. 

ill. In genera], we have, as in Art. 86^ the cen« 

8 a* X AV* 

tripetal force = -- — , which is true for dif- 

S P* X P V^ 

ferent 0" having the same or diffi^rent centres of 

force. 

112. If the centre of force S (Fig* 64fJ be without 

I 

the drcle. , which expresses the law of 

S P» XV V3 ^ 

the fiwrce, is positive, while the body moves from B 

l^ouffh P to A ; but at A and B» P V vanishing, the 

force becomes infinite. From A through V mi P' 

to B, P V lying the contrary way to what it did in 

the superior part of the orbit, the expression for 

the force becomes negative ; the centre /• repels the 

body. 

1 13. To prove the Prop, fluxionally, let S P fFig. 

35) =5(, PV = Cj SY =p, PF =6,. then PS. 

JSV= AS. SB = some constant quantity, = a*, 

fl* + ^ 

«. e. y X c— ;y = a*, .•* c = • Also by si- 

fl*+y a* + t/^ 1 

milar a»,^ : p i: b : :.p = — y- and -^ 

6* dp ^Vydy dp V y 

and -- — a .» » 

f dy a* +^1^^ 




y X a* + /^ y" X c' 
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114. By Arts. 99 and 100, the velocity in the 

2fl. AV 
curve = ^p p Y > ^^^ ^^ velocity in the curve at 

P : velocity in at same distance : : ^ ^PV : '^SP. 

If S be in the circumference of the 0, the R^ be- 
comes that of 1 : ^ 2. 

115. By Art. 110. Centripetal force : centrifugal II 
2SP. AV* : PV3. 

Notes to Prop, 1, — Car. 2. 

116. If the periodic times be not equal, then neither 
are the areas described in a given time round the two 
centres equal ; .'. in that case, F round S : F round 

RP*. SP SG3 

" P. T. round S^* * P. T. round RV ' ^^"^^ ^ ^* 
and the whole areas are the same in both cases. 

117. Suppose R (Fig. 65 J to be in the centre of 
the circle, and S to be at V in the circumference ; to 
compare the forces round each centre, the periodic 
times being the same. Since the whole areas and 
periodic times are the same in both cases, F a 

• ^pir-pY3» •'• F- round R : F. round V : : r p > p fj 
1 1 1 



' P V^ * * i P 'P ' P V^ 



r, ::PV^ : i AV^ 



PROPOSITION VIII. 

Notes to Prop, 8. 
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CP 
118. Since F a 2 P M^ X S P^^ ^^^ that S P* 

is infinite, it might be inferred that force was in- 
finitely small ; the contrary however will appear 
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from the general solution. For, in general, F = 
Sa.^QR 4a* V*. SY* 

S P* Q T* ' ^ SY^ ' 4 

Now let b = velocity in direction A C, which is con- 
stant, since the force in the direction of the ordinate 
does not affect the motion of the body in the direction 
of the abscissa, /. V* : 6* :: P R* : QT* :: S P* 

**SP* 6*SP* SY* 

: S Y* /. V* = -gYr" and a* = -gyr X -^ = 

^SP* . Sa*QR _ CP* sy.SP* 

4 •'• SP^QT* "" 2PM3. SP* ^ i == 

5*CP* 
p Ty|3 , a finite quantity when P M is finite. 

119. By Art. 99, the velocity in the curve at P 
« ^-^CP 

120. By Art. 110, centripetal force at P : centri- 
fugal :: 2 SF : SY* x PV :: 2SP x CP*: 

P M* X P M, i. e. centrifugal force is nothing, as 
also appears from the definition of a centrifugal force 
in Art. 106. 

121. To find the fluxional expression for the law 
of the force, supposing this force to act in parallel 
lines. 

Let A B (Fig. 66) zz ^, BP = j/, P T = rflr, TR 
^ dy, b :=, velocity in the direction A B, which in 
the same curve will be constant, (Art. 118), v = ve- 
locity in the direction of the ordinate B P, and F = 
force in the direction PB; then dx : dy W b i v z=, 

bdy b d^y V" dy d*y 

--T~ •*• dv = --]f — and v dv zz — -t3, — ; but — vdv 

6* daj d^y 
= F dy :. F X dy zz — J^ "^ and F = — 

A* d^y d*y 

d^ ^ — ~d^ ' or if ^ Q be an arc described 

in an indefijiitely small given time dx is constant, and 
F a — tPy. 
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QR 

Or thus. By Prop. 6, F a ^ — p^butT* ... PQ 

PT» QR X i» 

•or P T « — 7j- .*. F ot — Wt* — °^ ** 

-73 as DQiare. 

12% To prove the Prop, fluxiomally, put P M z= 

— xdx 

y,CM=^x,.\i/= ^r* — a:* and rfj/ = y==^ = 

jcdxX ydjs^ 

— xcLv ^ xdxdy^jfdsc* y 



y 


-•w 


z-j^ir- 


t 




!t 




= ~ 


-djr* 


X J • • F oc — 


dj»- 


1 a 


1 








SCHOLIUM, 


» 







Introdudory Article to SchoUvm* 

123. Lemma. — Let P O (Fig, 61) be the diameter 
of curvature of the conic section D P L, C the centre, 
C D the i conjugate diameter produced to meet 
PO in F, then will PO « PA'. 

1 1 2 C D» 

For CD « -pp :. CD* a p^ and pp 

or P O « p-p3 ; but by conies P A « -p-p /. P A' 

1 
«c ppjand PO oc PA'. 

Cor. If the distance betwixt the foci of the ellipse 
increase, P O still oc P A' ; if .'. this distance become 
infinite or the ellipse migrate into a parabola, P O 
cc P A^, and hence the Prop, is general. 
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Scholium, 



124. Let L P D be any conic section, P V the 

chord of curvature perpendicular to the axis, then 

QT» : PR* ::PM* : PA* 

QT* PR* 
/. Q^ : QgorPV::PM*:PA* 

but PV : PO :: PM : PA 



QT» QT* PO 

•• OR • PO''PM3:PA3,-^-^=p-^, 

X T?W (X (by Art. 128) PM^, /. — J^^^ « 

PM'jandF oc . 

PW 

The samefiwcionally. 

In parabola ^ = 2 a a*, .\i/dy n adx and dy = 
a dx adydx a* dac^ d^y 

y f y^ dx" 

c? 1 
oc — a — • 

h , 

In ellipse and hyperbola 5^ == — x '^ a* ^f 

a 

b — X dx b — jrdx J* 

•'. (^ = — X . = — X = — 

a ^a* — X* a ^ ^ a* 

-^^dx^ — dx*f ^dx*X~'a*+y^ 

X -p a ~ ; but 

6* ^ ft* 

since ^ = —.a* — ^, /. — . ^ + j/» =s ft», /, d*v 
a* a* 
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PROPOSITION IX. 

Introductory Artide to Proponiion 9. 

125. The curve which cuts all its radii, dra^icn 
from a fixed point, in a given Z, is called the < Equi- 
angular Spiral.' 

From this definition it follows, that the chord of 
curvature to any point of the spiral is double the ra- 
dius vector at that point ; for let S (Fig. 70 J be the 
centre of the spiral, P Q an indefinitely small arc ; 
from Q and P draw Q O, P O perpendicular to the 
curve at Q and P respectively, which will meet in O 
the centre of curvature ; take P V the chord of cur- 
vature passing through S, and join V Q ; then since 
theZOQA= ZOPQ, take from these the equal 
i£' S Q A, SPA, and the remainder the Z OQ S 
z= the remainder the Z O P S, and the Z" at C are 
vertical Z S .% Z COP = Z QSC,but Z POC 
being at the centre is double the Z P V Q at the cir- 
cumference, .'.also Z P S Q = 2 Z P V Q ; but 
Z PSQ = Z PVQ + z SQV, .-, Z SVQ 
= Z SQV, and SQ or SP = SV, :. PV = 
2SP. 

Prep. 9. 

126. Case I. LetPQ^pq (Fig. 11 J be two indefi- 
nitely small arcs, and let us suppose in the first place 
theZ PSQtobea given Z, f. e. thatthe Z P S Q 
= Z p S J, then since the Z* at S, P and R are 
re^ctively = the Z" at S,j9 and r, the remaining Z 
S Q R = remaining'Z Sqr; /. the figures S Q K P 
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andSqrp; QTX PT and qrpt; QPTandjjo/J 
S P Q and S^ q are respectively similar to each other, 
and •*. have their homologous sides proportional, /• 

QT : qt :: QR : qr, /. — -- = i- and — — : 
^ ^ QR qr QR 

qt* _ ' SP*QT* 

qr . QR 

: ^ ^ :: S P3 : 8p^ It F. atjp : F. at P* 
q r 

Case 2. Suppose the Z P 8 Q not to be =: Z 

pSq; make in that case the ZPS^-s Z^Sy, 

then by the first case : : 5 S P : Sp ; but 

«• f q r 

QR : *f :: QP* : ^P, Z,^. by similar a*. :: QT* 

, 9re QT* QT* qi* ^ ^ 

*f QR QR qr 
ds in the first case ; and this is the meaning of New- 
ton's expression, " if the Z P S Q is in any way 
changed." 

127. To prove the Prop, fluxionally put S P = j/, 

S Y = ^; then jp t^ in a given R**. :: i» : 1, /. jp = 

1 1 ifu^dp 4^ a* 1 

mvj and — = •, .*• — ; = oc — . 

p* m* i/* V ^y TT^y^ y^ 

128. By Arts. 99 and 100, the velocity in the 
curve « and velocity in curve = velocity in a 

at the same distance. 

129. By Art. 110, ce ntripetal force : centrifugal 

:: S P* : S Y* :: rad.* : sin. jL SPYI*, and .'. in a 
constant R^. in the same spiral. 



E 
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PROPOSITION X.* 

Nate9 io Prop. 10. 

ISO. To make the Prop, general, we have (Arf.^ 

8a* X QR 4a» X PC 

88) F = = ; whicb 

SP* X QT* AC» X CB» 

expression is general, and true for bodies, moving 

round different centres. 

131. If different bodies revolve round the same 

centre, then at equal distances the forces will be equal ; 

4a» 

hence • must be constant, .% when differ- 

AC». GB* 

ent bodies revolve round the same centre,, the force 

oe CP. 

132. Let (p represent the absolute force, then acce- 

4 a* 

lerating force i= 9 X P C = X P C, 

^ AC*XBC* 

4a* 
•*• (p =s 



A C* X B C* 



* Table of Equations, containing the most common and use^ 
ful properties of the Conic Sections : — 

PardbdUu 

Laius rectum or L » 4 8 A fFig. 16/, 
TN = 2 AN fFig.S2j. 

S Y* = S P. S A (S Y •== x": ow tangent.) 
Qi>» s= 4 SP. Po (Fig. 16/ 

3 A S 

S P = — ; -, where 3 = ^ traced out by radius vector. 

1 + cos, ^ 

Chord of curv, = 4 S P. 

4SP^ 
Duim. of curv, = ^/ — * 

V SA 

S^uation to the curve y^ = a ^ (a =: kUui rectum^) 
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133. To prove the Prop.'fluxionally, put a = '^ 

saxis major, 6 = ^ axis minor, ^ = C P, p = 

P F = perpendicular on the tangent, then p^ = 

a" y 1 a* + 6* y 4. a* dp 

and — = 



4 a* y 
= " — and F a v« 



1 " I. -* 



Ellipse* 

A S. S M = B C*. 
2 B C* 
^ = "AC'- 

SY-=Ba*||. 

SP,PH = CD*. 

AC* + C B* = C P* + C D^ 

AC.CB = CD.PF, 

Pi;.vGXCD* 

^ "^ = CT^ 



sc 



BC = « V^'l — e*, where e = eccentricity = 

A C 

a 14-^ cos, ^ ♦ 1 + tf cos, ^ 

traced out hy S P. 

2C D* 
Ch, curv, through Cr. = •■ — , 

O XT 

2 CD* 
A O 

n- ^ 2 CD* 

Jjtam, of curv, = — — = — . 

^» 

Equation to the curve v* = — . 2ax — x*, when the abscissa 

«* 

deginx at the vertex. 



Or ^* = -^ . a* — jr*, i^Ae» ^Ac (dfscissa begins at the centre. 



« luu I, immmmmmmmmmmm'^''i^^'^^m 
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P V / CB^ 

134. V = V F X , = V 9- C P X — ~ = 

' 2 CP 

^ ^ X CD* = <p^ X CD cc (round the same com- 
mon centre) CD, 

135. Velocity in ellipse : velocity in © at the same 

distance:: V — -— : ^TCP/. CD : C P. 

CP 

Cor. Hence the velocities in the ellipse and circle 



ff^perbola. 

HP — SP = 2 AC fFig. 15J. 
AS.SM==BC*. 
2BC» 



L 



AC • 

SP 



SY»=-BC». pjj. 

BP.PH = CD». 

AC* — CB» =CP* — CD*. . 

AC.CB-CD.PF. 

^v.vG X CD* 
Qvz ^, . 

BC« « Ve* — 1. 

2 CD* 
C%. eurv, through ceth «= - ^ p- .^ 

2 CD* 
Ch, curv, through focus = > - — . 

AO 

^. ^ 2 C D» 

Diam. of curv, = — Vi-^— . 

P F 

^ 

^* = -^ . 2 a jf + d;*, abscissa beginning at the vertex. 

Or 

h^ \ i, 

or y^ ^ _- , ggz — fj^^ abscissa beginning at the centre. 
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At the same distance are equal in four points of the 
ellipse. For through the extremities of the major and 
minor axes {Fig. 72 J of the ellipse draw tangents 
which will form a rectangle. Join G C, H C, which 
produced will pass through I and K, since A F and 
H Ky A B and H K are similar parallelograms, and 
/. about the same diameter ; draw B M, which is bi- 
sected in L, consequently B M is an ordinate to the 
diameter P R ; also B M is parallel to H K, .\ Q D 
is a conjugate diameter to P R ; and since Z B C P 
= Z BCD, CP = CD = CR = CQ, /. the 
velocities in the ellipse and Q at the points P, D, 
R, Q, are equal. 

1 36. Centripetal force : centrifugal : : P C* : AC* 
C B*. Hence these forces are equal when P C* = 
A C, C B, or when the distance from the centre is a 
mean proportional between the two ^ axes of the el- 
lipse. To find this point geometrically ; From C M 
(Fig. 73; cut off C D = C B ; on D A as diameter 
describe a ^ D E A, produce C B to meet it in E, 
and with C as centre and C E as radius describe the 
P P'' E ; then will the centripetal force be =z the 
centrifugal at the points P, P', P^', F'''; for join CP 
thenCP*( = CE* = AC.CD) = AC, CB,and 
the same may be proved of the other points. 

Prop. 10.— Cbr. 2. 

_ , ^ ^ whole area 

137. Or thus, P. T. = 3 = 

area dat. temp. 

whole area 4 a* 

-7-^ ; but (Art. 132) f = ^^^ ^ CB^ •'• ^ 

_ AC X CB T3 rp _ ^.AC X BC 

2 ><^i-*-"P-^-iACx'BCir^ 

= ""rr" ; /. e. P. T. in all ellipses round the same 
centre is constant, and about different C". oc — r- 



ISfOTES TO SECTION IlL 



PROPOSITION XI. 

138. Or the Proportions maybe dius arranged;- 

Q»» ; Pv.»G :: CD* : CP». 

Po : Px :: PC : PE or AC 

QT» : Qx* :: PF* : PE»orAC* 



; P«.»G::cr)». PF* : PC.AC^ 
; QR.2PC::AC». BC* : PC.A€* 
2BC» Q T*. S P* 

= rrc" = ^' ''"^ QR = ^- 



.♦. QT» 


or QT» 


. QT* 


•• QR 


SP*. 
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PROPOSITIONS XL XII. & XIIL 

Nafes ix> Props. 11, 12, and 13. 

139. To make the above Props, general, we have 

(Art. 88) the centripetal force = t v S P^ > which 

expression is general for bodies moving round differ- 
ent centres of force. 

140. If different bodies revolve in conic sections 

round the same centre, then when thev are at the 

same distance from it, the forces will oe equal, •*• 

8 a* 

—J — must be constant ; consequently in this case the 

1 

force oc • 

• ' SP* 

141. Let <p represent the absolute force, then ac- 

• (f> 8 a* 8 a* 

celeratmg force = gpj = L^^-gpj •*• 9 = ""l"* 

and a* = —^* 

14f2. To prove the Prop, fluxionally, we have in 

the ellipse ^^ = 6* X - — — - ; in the hyperbola ^* 

y 
ss fi* X T- — Y — '5 ^^^ IB the parabola p* = ay i 

I 2a I 1 ia I 

1 1 4a* dp 

"V = — • .*. F =: •" i"% *" = (in all the three cases) 
p* «y p^ ay ^ ' 

8 a* 
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PROPOSITION XIV. 

NqU to Prop. 14. 

H3. This Prop, is only applicable to different 
bodies moving round the same common centre. To 

QT* 

make it general^ we have L = Qp , but (Art 88) 

F ... 9 

Q R = — when the time is given, =t: ^ ^pj^ /. L 

2SP*XQT* Sfl* 
= ' ' = • The same conclusion 

was obtained in Art 141. 

Note to Prop. U^-^^Cor. 
144. If bodies revolve in ellipses round different 

centres, we have A = P. a = P. V -^ .*. A C. C B 

o 

a Li. f>J. P. 



PROPOSITION XV. 

Note to Prop. 16. 

145. This Prop, is only applicable to different 

bodies moving round the same common centre. To 

A , 
make it general, P. T == — , but (Art. 141) a* = 

L.p BCff . BC^^J A 

8 - 4AC'""-2 VaC' ' ~ « 

*. AC. BC 2*ACi 



a ■ — V p 
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Proposition xvt 

Note to Prop. 16. 

14»6. This Prop, is only true for diiFereht bodies 
liloving round the same common centre ; to make it 

SP. QT 2a ^7L 

general we have V == gy ~ sY" - V|f^ 

which is applicable to bodies moving round different 
centres of force. 

Prop. \6,r^CoT. 4* 

L 2AC ^ 2BC* 

U1. For V» : »* :: g^ : -j^:; L : ^^ 

: : L : L : : 1 : l ; and A since the velocities in O' cc 

1 
^=F=, the velocities of bodies revolving in ellipses 

round a common centre will at the mean distance a 

i 

^diST 

prop. 16.— Cbr. 6. 

14f8. For in different points of the same curve V oc 

1 II 

-^^ ; A in parab. V a -^y ^ ^j — ^ 5 ^'^ ^® ellipse 

1 I (n^ 

and hyperbola V oe tjv ^ ;Vs ^ V"qp' 

^ BC ( ^^ 

VPH 

Now in the ellipse, as S P or the denominator of this 
fraction increases or decreases, H P or the numera- 
tor decreases or increases ; consequently the fraction 

s 
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H P " 1 

-^7p will vary more than the fraction g-p 5 a«<l •' 

1 

the velocity will vary in a higher R°. than ^-— ; 

but in the hyperbola, as S P increases or decreases, 
H P also increases or decreases ; consequently the 

HP 1 

fraction -^p- varies less than the fraction "g pTj ^»^' 

1 
the velocity varies in a less R*^. than ^— -^- 

Prep, 16.--Cbr. 7. 

149'. For in the parabola V* : tr* : : gp g^ • 
2St* ' — 

gp^ :: 2: 1, .•• V: V :: V2 : 1- 

2BC\ 
AC 2SP 






In the ellipse V* : v* I* •— gp = g pa 

^^•* PH 

HP : AC, .-. V : t; :: ^HP : ^AC :: 

/ SP — - 

VaAC— SP: -^ AC:: ^2—^^:1 •• V2 — 

: 1. , 

In hyperbola V :p::^H P:^AC::^2AC + SP 

.:' 'v'ac::^2 + -^: i:: V2T:i. 

Hence also velocity in parabola =: velocity in O 
at J the distance. For 

V : t) :: '^T : 1 _ 

& » : velocity in0r;|SP::i:'*^2 

.*. V = velocity in radius ISP 
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But in ellipse Y : v :: ^Y^ : 1 
^viv.in Gr.j SP:: 1 : ^¥ 

.-. y :v.m 0r. i S P :: "^2^ : ^T 
. . /. V is less than velocity in 0r, J S P 

■/I ■ • . ' 

And in hypei'bola V : v 1 1 ^ 2~+ _^ 1 
& V ; velocity in ©r. ^ S P : : L ^ 2 

/. V : velocity in 0r. J S P :: '^Y+ : /^ ^. 
•'• V is greater than velocity in 0r. j S P. 

I^^"^"^"'^"^"'^"^"^'^^"^""^""'"' ■'■' ■■■^.-..-1- ■■ JIM ^ 

Prop. 16. — Cor*. 8 a/w:? 9. 

150. For let V = velocity in the conic section at 
the distance S P ; v = velocity in a at the distance 
of J the lattcs rectum ; and xf = velocity inji at 
the distance S P ; then since the latera rtcta in the 
conic section and first are equal 

V : V : : i L : S Yi which is the 8th Corollary. 

Again v\xl W *^ S P : ^| L > 

/. V : i/ : : ^ i L X S P : S Y, which is the 9th 
Corollary. 



DEDUCTIONS FROM THE PRECEDING PART 

OF THIS SECTIOi^. 

151.^ Of the LINEAR velocities of bodies revolving in 
conic sections^ the centre of force being in the focus. 

1. Required a general expression for the velocities of bodies 
revolving! in any of the conic sections, 

(1) In parabola VV= F X J P V = gpT X 2SP 
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It . ^T JL 
= SP'" ^ " SPi 

(2) In ellipse and hyperbola V»5=FXJPV=: 

f SRPH y XPH _ ffxTH 

SP ** AG *" AC. SF*'*^"- ^ACSP- 

Or the same may be deduced from Art. 146, by 
substituting for L and SY in the Equatiim V =s 

LJ X f>i, 

vysy 

Cor. 1. If different bodies revolve round the same 

1 
centrci f 13 constant ; /. in parabola V a ..— - ; 

/TTP — " 

and in ellipse and hyperbola V oc '•T'CSP* 

Cbr. 2* In different points of tbe same lairve we 
have in paraboUi V oc ;^r= ; and i» ellipse and 

fWV 

hyperbola V oc V'sp' 

2. 7b 0O»ipafi6 Ae vdodty in a conic section wUk th^ ve- 
hcity in a eirde at the same disiance. 

V ex ^ P V, .% ^velocity m «<Miic section : velocity 

in at 3Ame distance :: ^ "a^c" ' ^2SP :: 
^ — 5[C~ ' ^2SP •• ^HP • ^Ac: 

Or the same may be demonstrated as in Prop. 16, 
Cor. 7. 
Cor. 1. Hence velocity in ellipse = velocity in a 



1 
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O at the mean duitance ; for in that case H P :s^ AC; 
the same is also shawn in Pn^. 16, Cor. 4. 

Cor, 2. Hence also the same conclusions may be 
deduced as those given in Prop. 15} Cor* 7. 

jtke veloeify at the mean Ustanee^ 
I 

V Qc -^TT, •% velocity in dUipse : vdp<?ity at mean 

distance::- Tff • CB •' ^BP: ^SK 

CBV-Kin 



^, Jf a body revolve in tm eUipse ; required the point 
where the vdoexby is tm arithmetic metm betiffeen &§ greatest 
and least vdocities. 

Let D and ^ =? greatest and least distances p = 
perpendicular upon th^ tangent at the required point ; 

<hen by One Prob. ^ + y = — , :. p = p^^^ 

-^ = ^ L, or at the required ppint the perpendicu- 
lar =: I the latm rectum ; to fin d when t his ]& the 

case we have p = ^ ae 6 X V2a — 9? **• tf^ = 



X s: 



gfl — a?'**** "" a* + 6* 

5. Required the same whenlhevelodJtyisa geomefric mean 
between the greatest and least velocities. 

1 1 1 

Here-g X y= ztj -i?* = D^ ^ 6*andi? =6/ 
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i. e. die required point is at the extremity of the 
minor axis, or at the mean distance. 



6. Required the same when the velocUy is an harmonic 
wean between the greatest and least velocities. 

1 1 1 

Here by Prob. j^, — and y are in harmonical 

progression, /. D, p and ^ will be in arithmetical pro- 

D + 5 
gression .\ 2 p zz D + ^ and p = — - — z= a. If 

the distance be required at this point, we have 
6*07 2a^ 

2 a — -r ^ a* + tr 

7. Required the point in the paraboUt, where ^ decre- 
ment of the linear velocity is a maximum. 

By pursuing the method given, (Art. 104) we have 

1—1 dy . , 

-v a — oc y , ••dv oc — ; but by that Art dy = 

p yi 

Py o^kyl - a\y y\ 

y — a 1 a 
which is a maximum by Prob. ; .'. — -r- or "^ — "^ 

4 £^ 5 a t^ 5a 

is a maximum, .*. — i. ^— = o, or w = --' 

8. Required the same m ^ ellipse. 



1 /2 a— :^ /2^ . 2a—y\—i 



V (X — (X V '—(X V 1, .'.djya- 

p . y y y 



X 



^ady 2 ady V y^ _ j^ 

' « — ; — , ; but dy = — ^ ±-^ = 

f y^ *^2a—y py 
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[. ^y 

v' 2 a— 7/ ^ 2 a^—y* — A» 

. = , .*. dv <x 

. nr ^y 

o y / — - — 

Vg ay—Tf—b" . 2 ay—f—V' 

< — = maximum, /. or 

yly^a-^ y. ^a—y 

— — — = maxmium, .. — — 

5/4 jr- 2 a —y 3/ 

^-^==~-^ = o; or 2y — 8 ay" + 

yo X 2 « — yr 



8 a* + SV'.y — 5 a If' =o; from whence x may 
be found. 

9. Required the paint in the parabola, where the paracen- 
tric velocity is a maximum. 

By Art. 103, Paracentric velocity oc — £ ±1, 

P^ 

. ,. ^z/* — ay y^ — ay 
/.m this case a ^ . ^y - maximum, ..- — • 

or = maximum, . . ,y = 2 af, z. e. the requi- 

y y* 
red point is at the extremity of the latus rectum. 

10. Reared the same in the ellipse and hyperbola. 
Paracentric velocity a ^^ ~^ , which by Prob. 

py 

is a maximum, / or = maximum, 

"j^ ff" p^ y 

2 a + y 1 2fl:— 1 1 

b'y y" b^y b^ y" 
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mum, .*. ^ = — = i latiis rectum. 

a 



152. Of the ANGULAR velocities of bodies revolving 
in the conic sections s force tending to the focus. 

1. EequiiTed a gmer(d eajn^sion for the angtd^ 
of bodies revotvmg in aity of the conic sections* 

Let a =: area described in a given time, then Z.^ 

a L* X pi 

velocity « — t:- « " 

Ott. 1. If different bodies revolve round the some 

centre, f is constant, /« Z' velocity a • 

Cor. 2. In different points of the same curve Z*^ 
velocity « — — • 

2. 7b com/iare the jiJ vehcitj^ in a conic secdon toiAihe 
^r velocity ina O otthe same distance. 

Z' velocity oc ct (since the distance is the 

same) L*, .% Z' velocity in the conic section : Z ' 
velocity in a Q at the same distance :: L* : 2 SP1* 

Cor. Hence Z' velocity in the conic section = 
Z' velocity in O at the same distance at the es:tre- 
mity of the laius rectum* 

3. To compare the ^' vdoeUy in any point of the dlg)se 
with the mean ^^ vehcity. 

If a circle be described with the focus of the ellipse 
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as centre, and radius = A C or mean distance, the 
periodic time in this circle will = the periodic time 
in the ellipse, hence the uniform Z' velocity in this 
will represent the mean Z' velocity of the body 

L* 

in the ellipse ; .% since Z' velocity a —;^9 we have 

Z' velocity in any point P : mean Z.' velocity 
{or Z*^ velocity hi radius = mean distance) : I 

f2CW 

V AC ^2AC 






SP* • AC* •• SP* • AC-CB 
Car. Hence the Z' velocity in the ellipse =: mean 
Z' velocity when S P* =r A C. C B, or when the 
distance from the &Gm b a mean proportional be-^ 
tween the ^ axes of the orbit* 

4. To oampare the A^ vdocity at tlie meem distance wiA 
the mean ZJ velocity* 

Z' velocity at mean distance : mean Z' velocity t: 

/2TO 

^ AC ^ 2AC 

AC** ^ ^5 . • Vy E> . ^ A. 

Cor. Hence the Z ' velocity at the mean distance 
is less than the mean Z ' velocity. 

5. The Z' vetocUy round the higlter focus of an eUipse of 
small excentricity is nearly uniform. 

Take P p (Pig. *14t) an indefinitely small arc, 
join P S, p S, and P H, jt? H ; from P draw P n 
perpendicular to S /? produced, and P m perpen- 
dicular to Up: then because the Z V p m = 
ZSj9B=ZPj[7W, and that the Z* at n and 
OT are right Z*and Pj> common, /. P« =r Vm'; 
Hence Z' velocity a-ound" S : Z' velocity rotJnd 

T 
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P n Vm 

H :: Z PSp ; z PHi? :: -^-^ : p-jj :: 

1 1 / 1 1 

SP ' PH •• SP ' SP. PH ^ ^^^*^ ^'^^ 

locity round S is represented by ^^j •'• the Z' 

1 

velocity round H is represented by g p pH ^ 

by T^T^s^, which quantity, if the ellipse be of small 
excentricity, will' be very nearly constant. 

6. Required the point in the ellipse where the Z.' velocify is^ 
an arithmetic mean between the greatest and least Z ' veUmties. 

Let D and ^ = greatest and least distances, x = 

1 1 

required distance ; then by the Problem g^ + -^ = 

— , A a* - jy _^ j^ - jy^ j^- But D* + ^ 

+ 2 D 5 = 4 a*, /. D* +5* = 4 a» — 2 D 5 = 

2M &♦ 

4a»-2A», ••• ^ = iT^TIg^ = g^TT^. and 

y 

7. JRequired the same when the ^^ velocity is a geometric 
mean between the greatest and the least. 

Ill ^ , 

HerejQ^ X ^ = ^, /. r^ = D ^, and a? = 

8. Required the same when the angtUar vehcitg is an 
barmonic mean between the greatest and the least. 

Here D*, x^ and ^ are in arithmetical progression 
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r. 2 ^^ = D^+ S% and^* = ^,butD* + S* 

= 4 a* — 2D^ = 4 a* — 2i* /. ^z= '^Sa* — 5*. 

9, Required the point in the parabola wJiere the decrement 
^Jthe ZJ velocity is a maximum. 

By Art. 105, the decrement of the Z' velocity a 
-J which by Problem is a maximum, /. 



Vy_^* 



p 2/^ 
— I — r"» or T~~s — ~fi) ^^ 7 — ~s is a maxi^ 

p y p y y ^y ^ 

S a 
mum, :.y = -y- 

10. Required the same in the elHpse, 

'Lety = S P, » = P H ; then as before 

1 V I 

— is a maximum, or ; — ; r is a maximum, .•. 

l^ 7p dv — iV'vjfdy ^dy y dv — 7p 
■ + — ^ {?• or '- 

Zdy 

+ = o\ but» = 2a — j/,anddt; = — dy^ /.by 

3^ 

^ + 7. 2 a — 7/ 8 
substitution, = 0, /. 3 w* -^ 

i* J/ 

7 a 3/ + 4 i* = o ; from which equation y may be 

found. 
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153. Of Centripetal and Ccntiifugat Forces in the 
Conic Sections^ the centre of force being in the focus. 



L Required a general eijcpression for the centrifugal fcrct 
in the conic sections. 

Let a = area described in a given time, then Art 

4 a* L. p 

109, Cor. 2, centrifugal force = = . 

^ SP5 2SP3 

Cor. L If diiferent bodies revolve round tlie same 

L 

centre, ^ is constant, /. the centrifugal force a — , 

Cor. 2. In different points of the same curve, cen- 

1 
trifugal force oc o^' 

2. To compare centripetal and centrifugai forces in the 
come sections. 

(1) In parabola; centripetal force : centrifugal II 

2SP3 : SY* X PV::SP : 2SA::SP : iL. 

(2) In ellipse and hjrperbola ; centripetal force : 
centrifugal:: 2 SF : SY*. PV::2SP' : BC*X 

SP 2SRPH ^^ BC*^^ 

PH ^ AC •• SP : ^^ ::SP : iL. 

Cor. Hence centripetal force s: centrifugal at the 
extremity of the latus rectum. 

3. Force in any conic section : force in circle at the sanfe 
distance, and moving tvith the same Z' velocity :: S P : 
JL. 

For by Art. 139, force oc j x S P^ ^ (since the 
Z' velocity and distance, and consequently a jire 



149 



the same in both cases) v-, .', force in conic section ; 
force in O at same distance^ aud moving with the 

same Z' velocity I J y" • ^ q p • • S P : J L. 

Or the same may be deduced from the last Exam- 
ple ; for the force in the O at the same distance, and 
movinj? with the same Z' velocity, is equal td the 
centrimgal force in the curve, but it has been shewn 
that centripetal foTjCe : centrifugal : ; S P : ^ !#, 






MISCELLANEOUS PROBLEMS TO THE 
TWO LAST SECTIONS. 



L If the ^ power of the periodic times in different 0s 
e as the cube of the velocities^ find how the force^ periodic 
ne, and vehcitt/ vary in terms of radius. 

3 R V* R 

P* a Y\ :. P» « V^, and — or — a — , 

P» R Vs' 



•-. V a R* 



.3 



Again, P* oc Vr a R^, and P a Rt- 

R 
Lastly, F a p^ a R''". 

2. Find the actual velocity/ and periodic time of a body 
revolving at the distance of two of the earth's radii abone its 
surface, 

V = '^F.R = V g. —.3r = V—. 

^ 3* 3 

2 cr . 3r /108 r 
Also P = = CT V . 

V g 

3. Given the force of gravity on the earth's suffacey and 
the moon's periodic time; to find her distance. 

Let .r = distance then as before 

f 7* ^g r* 2^^ 

V = 'Z g. ^- ^ = V-^ ; and P = -^, 
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4. A body is revolving in a given about its ceTifiee, if 
the absolute force be increased in a given 72^., what must be 
the change of velocity that the body may still describe the 
I same circle 9 



Let force before change : force after II I t n; 
then since V a f « when R is given, 
V. before change : V. after III: ^ n . 

5. What must be the law of the force, that the areas dot. 
temp, in all 0' uniformly described about the centre offoreey 
maybe equal f 

A 

P a — a (by Prob.) A a R» ; 
a 

R 1 

/. F a a — . 

6. Let the magnitude of a planet : magnitude ofeartli : : 
n : 1, and their densities as 1 zp; required the space fallen 
through in I" ai the surface rf the pkmet. 

Qy of matter mas^nitude X density 
Here F a a —^ i 



3/- 



oc density X r a density X V magn®. 

/. F : gravity (g):: V n XI: vT X p, 

g Vn ^ FT* g vT 

.-. F = ^ and S = = 2 . 

p 2 2p 

7. JRequired the Batio of the qtumtOies of matter in planets 
which have secondaries revolving round them. 

Let 9 = absolute force = quantity of matter in 
primary ; D = ^ axis of the ellipse described by the 
secondary, or = mean distance of the secondary 
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from the primary, P =: periodic time of the second- 
ary; 

then by Art 145, P* « .*. f ex : 

^ p P* 

<p may /; be assumed = ; from whence we shall 

get the quantity of matter of the several planets in 
proportional numbers. 

6. Bequbred Ae Baiio cf Ae damtks qf pbmeii which 
have secandanea reooMng r oun d Aenu 

Let r = radius of primary, s = sin. of the Z un- 
der which r appears at the distance D to radius unity ; 

\ . quan. M*' . 

then since densi^ a :— , we have density a 

magnL 

<f> D^ f^ 1 

oc ; but =3 ^j.\ density « -; 

assume .% density s: » and we shall get the 

density of the planets in proportional numbers. 

9. Required the EaUorf dke weights of equal bodies on 
the surfaces rf pUmets having secondaries revolving round 
them* 

The weiffht dT any body oe quantity of matter X ac« 
celerating rorce ; /• since the bodies are equal by sup- 
position, the weight will be aa the force with which 
the planets attract it, 

u e. wekpbt oc — — • a ■■■■■# 

This will also pve the R^. of the spaces fejlcn 
through in 1^^ at the surface of the planets; for space 
oc aoceleradng force, when the time is given. 

jftTo^e.-- The density, &c of planets, which bare not 
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satellites revolving round them, can only be found by 
observing the effects which those planets produce 
upon the other planets in disturbing their motion^ 

iO. Hamng given the quaniUies cf maJUer cf the, earth 
and moon and their distance ; find duxt point between them 
ai which a body would be at rest. 

Let a c= distance of earth and moon, x = dis- 
tance from the moon where the attractions are equals 
Q and q the quantities of matter ; 



?--_Q „, ^7_^"Q 



Then - t == ■ or 



^ a — i^* X a — X 



9 



I 



• * X =X a. f i 

11. Stqjposing theearAandmootiiobetfequaldensiiieSf 
and diameter of earth : diameter of moon : : 4:1; sheto 
that ^ point ofequcd attraction between the earth and modn 
divides the distance between thdr centres intheB9rfSi 1. 

Let R and r be the radii of the earth and moon, 
D and ^ the distances of the point of equal attraction 
from each ; then 

Q g 

but when densities are equal, 
Q:q::W :r^ ::64: 1, 
AD: 5:: 8: 1. 

12. ijf the attraction of the earth and Tnoon be as their 
quantities of matter direct^ and the squares of their dis- 
tances inversely ; what is the nature of thejcurve in which a 
body being placed would be equally attracted to both 9^^ 
(Fig. 74 a) 

Let E be the earth, M the moon ; A the point d^« 

u 



^^-^ 



y 
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terminecl, PixA. 10, w!tere the attraction to both 
bodies is etjtral, A lying immediately between E and 
M. 
Put EA = h, MA = a, AN = x, FN = j/; 

Q y Q g 

Theft gpj 1^ Pm*"* 6+^*+j/* = ^Z^* +y 

Q 7 



.*. Q — q. y = Qa + ji. 2a^ — Q — q. x*^ 

Qo. + qi 

/• the curve is a circle. 

Cor* 1. If the ^ t^eYolve rouiid the diameter 
A C B> it will gttierate a sphere, ki every point of 
which a body being placed, will be equally attracted 
lo both bodies. 

Qa + ^b 

Cor* 2. The radios of th6 sphere a: "^ 

•^ Q — q > 

and AM = a. 

Qa + qb 
.% M C = —Ts; — a = distatice of the 

Q — q 

centre of the sphere from the moon s centre. 
Qa + qb Q 



Cor. 3. — 7v — -— + 6 s= r\" "* « + 6 = 

EC; 

Q Q^ 4- gr* — — 

hence j^ • a + b : —7^ : — II Q* a + b 

^ Q—q ^ Q—q 

: Qa + qb::i : cos. A CD, 
•\ D C F = 2 A CD is known. 

13. Having/ given ike rdcUlium iehooen ike ^seKtfifagdL 
force and the farce of gravity at the earth's equator / deter- 



J 
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min0 tk0 rd€Uh» between ike eenii^ifiitsal force and Mte force 
efffravH^ al tke e^wik^ cf Jupiter^ $kB densUks aud times 
tifrep^bUifm rmimd Aeit axes iein§ kmw». 

Let D and ^ be the densities of JufMtefr and the 
earth, P and p their times of revolution roupd their 
axeS| and let centrifugal force of earth : gravity 1 1 

,. . . R 

then since centrifugal force = — — and gravity 

D. W 

QC — a D. Kt 

F 1 

-»- a — -^ ; 
G P*D 

F . . F . n 

•*. — in case of Jupiter : — in earth = — 
G ^ G 1 

::i?»5:P*D, 

andF: G::«i)*S: P»D. 

14. 7^ earth being supposed a sphere revolving a^ottt its 
4ixis with a given ^' velocity ; ^nd the paint in the plane 
of the equator where the 4xntr^petcd force = the centrifugal. 

Let Vp be the earth's axis (Fig. 68 Jy E C the 
equator, A the required point ; put C A = or, C E 
= r, P = time of the earth's revolving on its axis, 
p = P. T. of a body revolving ^t the earth's sur- 
face, then 

centripetal force at E : centrifugal at E 1 1 P* : />* 
centrifugal fcnrce at £ : centrifugal at All r : a: 
centripetal force at A : centripetal at E 11 r* : j:* 

/. centripetal force at A ; centrifugal at A : : P*H 
.'. by Prob, jp' x^ = P* r', and x = r . — . 
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15. The same thmgs beinff 8tqjp(md ; Jind the curve in a 
fneridional piane tehkh k ike locus cfa hody^ ihecentr^uffoi 
farce ofwhichy opposed to gravity^ is every where equtd to 
^ force ofgramty acting upon it. — (Fig. 68.) 

Let A be the point in the plane of the equator 
where centripetal force = centrifugal (see lastProb.), 
M any other point in the meridional plane ; put C N 
5=j?, MN5=^, CA = ai then 

centrif. force at A : centrif. at M (or M B) : : a : ^ 

M B : M D (of^sed to grav.) :: ^ar* +y : y 
centrip. force at M : centrip. at A ! I a^ : ai* + j/^ 

4 

/. centrip. force at M : M D : : a' : y '^ s* + y , 

/. by Prob. jf' ^ x^ + j/* = a' ; 

an equation belonging to a curve of the 5th order, 
having two infinite legs, to which P^ produced is an 
asymptote, 

16. In the 10/A Ijemma^ witere A D rqtresenis the time^ 
D^ the velocity^ and A B D /Ae ^^ace described; if a 
straight line be drawn Umching the curve A B m B the ex- 
tremity of the ordinate^ the tangent of the Z, which this line 
nuxkes wth Me axis will represent the force, 

dv GF 

F= ^=r^/5.29;— = tan, 4FBG=, 

tan, Z BED, 

17. If a body begins to roU from B (Fig. 77) down the 
quadrant BPD, unth the velocity acquired in falling through 
the given space A B ; ft> determine the point where it wiU 
leave the quadrant^ and the point where it will meet the ho^ 
rizontal plane. 

When the body leaves the quadrant it will describe 
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1^ parabola, let it leave the circle in P; then P is a 
point botli in the parabola and circle, and P B D is a 
circle of curvature to tlie parabola at P, since P V oc 

jt; hence velocity at P z= velocity acquired in 

falling down ^^^ of the chord of curvature or i P F • 
but it also = velocity down A B -f B E ; 

^^ BC — 2AB 
.•.BE = = vers. sin. of arc de- 

sycribed* 

Again, from A draw A N parallel to the horizon, 
which line is the directrix of the parabola Pp . make 
^SP^=ZNP^, and PS = PN, and S is the 
focus ; with S as centre and A C as radius, describe a 
circle cutting the horizontal line Cp inp^ pis the 
point required. For Sp .=z C A = p o j\\ p is sk 
point in. the parabola. 

Con If A B = i B C, B E = o, or the body will 
fly off in » tangent at B ; if A B be greater than 
i B C, then B E is negative, /. e. ver, sin, is negative, 
f)V th.e Probvis impossible. 

18. Suppose a body to begin to move fr(m the poi^it C 
(Fig. 78) of the cyfilM A C P; to find the.pomt where the 
body tmH leave ifie curve. 

Let P be the point required ; then as before (since 
P F = J chord of curvature of cycloid, and .'. of 

V* 
parabola since P V oc p-;) PF orED = BE,. 

i.e. AD ~ AE =;: AE — AB, /. AE = 
AP+AB 

2 
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19. If any number of bodies beretaiMedin horizontal Wr- 
ctdar orbits by means of springs ffume^ud kagtksy and the 
distanqe (fthe centrtsfrom ihepoimtff suspension be equal; 
the times of their revoiuHons will be the same. 

Tills immediately appears from Art. 84, Ex. 4 ; 
for it is there shewn that P. T. oc ^ S A. 

20. A body whirled round by a string C A (Fig, 79.) ^^ 
a vertical plane fast keeps the string extended at A; required 
the proportion of the tension cfthe string at B to the weight 
of the body. 

By the Prob. the centrifugal force at A is just = 
the weight of the body, and .'. the velocity at A is :;= 

that acquired in falling tlirough D A = -^ ; also 

the velocity at B =;: that acquired through DA+ AB 

5 A C . .^ ^ 

or — ; /. since centrifugal force a Y*, when r 

is given, i. e. oc space fallen through; 

centrifugal force at B : centrifugal fi3rce at A, 
or weight of the body, W S \ 1 ; 

but the tension of the string at B is made up of the 
centrifugal force at B together with the weight of 
the body; 

/• tension of string at B: weight of body, !! 6 : 1. 

21. If a body suspended by a string osciUate trough a 
qwadrant (ike extremity of the quadrant being the lowest 
point) ; to compare the tension of the string with the weig/it 
of the body in any point of the descent. 

Let P (Fig. SO J be any point of the descent, W 
=z whole weight of the body, w = that part of it which 
is employed in stretching the string, C = centrifugal 
force of the body at P, and a- = sin. Z P A B to 
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radius 1. Then gravity or weight of the body = g, 

V* 

.'• tu z=: gx; also centrifugal force = :=z2gx\ /• 

r 
C + "J^ = tension at P = S g a*, 

/. tension : weight W"^ gx x gWS x i 1. 

CGTm Hence the tension of the string at the lowest 
point = three times the weight of the oody. 

22. Required t.he same in the cycloid. 

Let gravity or the weight of the body be repre- 
sented by g, and put D G (Fig. SlJ =z a, and D F 
= x; then 

g : V) ::D G : DE y.DGi : D F* :: «J : x*^ 

gxi V* 

.*. w = —7- ; also C upon the same scale = , 

a* ^ * P V 

2gx 

s= — =1^; 

2 X 

/. C + tt? or tension at P = — j- + g 



a^ + x^ 

= 5: X 



a^ + x^ 1 , 

/. tension at P : weight llg. — -— igllv? + ar 

or 

Cor. At the lowest point, tension : weight 112: 1. 

2S. Let A P (%. 82) he a slender rod in the farm rf a 
cwrve^ whose axis N A is peipendicular 4e the horizon^ ond 
JetaringkepiUtgkmiiat any paint F; stqjpose the rod io 
Tevokfcnbout AHwiAm/^aveloei^ tkat^^rinfi mayre- 
miin at rest iOKl P; required Ae metare ef the curve AP^ 
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tltat the ring may also remain at rest at every other point <^ 
tlie rod. 

Draw P T a tangent to the curve at P, put N P 

= J/, T N = subtangent = /, V = veldcitv of th« 

rod at P ; then if gravity be represented by g^ we 

V* 
have centrifugal force at P ±i — ^ 3= si:^{)ose to P D ; 

y 

V* 
/. : that part of the force which urges the body 

up the rod, or P E :: P T ; j^, 

V» 
/.PE = -— ; 
PT 

again, grav^ or g ( = PC) : that pari of it which 

urges the body down the rod, or P B :: P T : / ; 

.•• P B = -^—i 
PT 

but since the body remains at rest, P E = P B, 2'. e. 

V* gt 

— - = -^, and V = Vg X TN; 
PT PT ^ 

in like manner \{p be any other point, th e velocity 

necessary to make the ring rest at/i = ^ g X t n; 
•\ in order that the body may remain at rest both at 
P Qiidpf 

veVf at Pmust be to vel^ atjp :: ^TN = "^Tn; 
but veU at P : vel^ Btp 11 PN:p «; 

/. in order that the body may remain at rest both at 
P aiidpf 

T N must be to ^ w :: P N* :p n% 

or the subtangent must be as the square of the or- 
dinate, u e. the curve must be a parabola. 

Cor. Hence if a vessel of water revolve about its 
axis, the cavity formed in the fluid by the revolution 
of the vessel will be a paraboloid ; for every partide 
of the water forming the surface of the cavity re- 



161 

mains at rest by the supposition, and /. by the foi'cM 
going Prob. must lie in the surface of the paraboloid. 

24. 7%f aurve A B P bein^ apataboteiy and Mtf reii a$ 
btfijTt ; let a be required to find (he proper vdodfy toith 
which any paint P must revolve^ {hat the ring plaeed at P 
may remain at rest* 

Let X t= space fallen through by gravity to ac- 
quire the required velocity ; than as before we hav« 

and P 15 =s — p-^; — =3 jrt"^;; ^ 

2gx 2g X AN 
•\ 'pTfi = Tpp J /. J? = A N, or the body 

must fall through a spaed equal to the absciss^ of the 

curve. 

TN 
Cor. If A P be any other curve, x = ""5~"; or 

the space &llen through must = ^ the subtangent. 

25. A cyUndfical tiesset is fiUed with tbater ; iviih what 
f?elocity must it be whirled rottnd its axis ^ti the water may 
be ihrdwn out 9 

By Cor. Prob. ^d, when th^ cylinder is tutned 
round, the sur&ce of the water in the vessel is a para- 
boloid ; and since the cylinder is full at first, the quan- 
tity of water thrown out will always be equal to the 
coQt^t of the paraboloid thus formed : now the great-* 
er the velocity of the cylinder, the greater will be the 
quantity of water thrown out ; f . e* the lower will the 
vertex descend ^ and since by the Prob. just half the 
water is thrown oat, the cylinder must be whirled 
with sud) a velocity that the vettex of the paraboloid 
may desceakl till it just touch the bottom of the cylin- 

X 
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der ; for in that case the quantity of water tlirown out 
= the content of the paraboloid inscribed in the cy- 
linder = ^ content of the cylinder. Let F A M 
(Fig. SSj be the surface of the water ; then since 
after it has assumed this position it is supposed to re- 
main at rest, any particle as P is at rest. Let a: = 
space fallen through to acquire the velocity of rota- 
tion at P ; then by proceeding as in last Prob., a: = 
A N ; and for the same reason the velocity of a par- 
ticle at M, or the velocity of the cylinder = velocity 
acquired down G A or the height of the vessel. 

26. A cylindrical vessel of a given magnitude is filled with 
water ; with what velocity must it be whirled round its axis^ 
that the water may just cover i the base f 

Let A B C D (Fig. Si^J be the cylinder, AmnB 
the cavity formed in the water, let the paraboloid 
A m L B be completed, and put H L = ^, H G = 
h, then 

AB* :mn^ ::LU:hG::x:a: — h; 

but by Prob. A B* :mn^ :: 2 : 1 ; 

and 2 : 2— 1 {\)\\x\h 

.'. j: = 2 A ; hence by proceeding as in the last 
Prob. we shall have the velocity of a particle remain- 
ing at rest at B, or the velocity of the cylinder = that 
acquired in falling down H L or 2 h. 

27. A frustum of a cone of given dimensions^ and having 
its smaller end downwards, is filled with water; wUh what 
velocity must it revolve round its axis, that dH the water way 
be expelled 9 

Let AMNB (Fig, 84^ be the frustum ; then in 
order that all the water may fly out, the velocity of 
the vessel must be such that the fluid would, if per- 
mitted, form itself into the paraboloid A B N L M 
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i:;ircumscribing the frustum ; put A B = /?, M N =: 
^, L H = j;, and H O = h ; then 

a* : V^ :: a: : a; — h, and a^ : a^ — b^ 11 a: : \ 

a* h 
/. X = ^ 7^ = space fallen through to ac- 
quire the velocity sought. 

28. Centrifugal force at the equator, arising from the 
earihkS rotation round its aids : the centrifugal force in any 

paraUd of latitude : : rad^* : cos, latitude] * ; supposing t/te 
£arth a perfect sphere. 

Let P p (Fig» 76 j be the earth's axis, M Q the 
equator, A B any parallel of latitude, x = latitude, 
and take Q D and B n proportional to the centrifugal 
forces at Q and B; resolye B.w into Bm and 9nn^ 
then will B m represent that part of the centrifugal 
force at B which diminishes the force of gravity ; 

R 

then since F a oc (smce P is here given) R, 

we have 

QD: BnllCQ: AB:: 1 : cos. a 
And Bn : Bm :: CB: AB;: 1 : cos. a 



/. QD: Btw:: P tcosTa^*. 

Cor, 1. Hence, since QD is constant, the diminu- 
tion of gravity, or that part of the centrifugal force 
which diminishes gravity, in going from pole to equa- 
tor, a cos. iJ*« 

Cor. 2. Required the latitude in which centrifugal 
1 th 

force = — the centrifugal force at the equator. 
m 

1 



Here V : cosT^* :: m : I, .'. cos. a = 



a/ — 
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29. Required the velocihf of the earth round its axis, duU 
the centrtfu^al force in lot* 60° may = force of graivity 
there. 

Let V = required velocity, C =: centripetal force 
OT gravity, c = centrifugal force at equator^ cf = 

centrifugal force in latitude 60° ; then since F a -^ 

we have 

C:c::gr: V* 

but £::</:: 1* : cosTTl* ::4: 1, 

•% C:c'::4gr: V*; 

but C = £/ by hypothesis, •*. V =:: ^igr. 

30. Required to find how the weight of the same body va* 
ries on different parts pfAe earth's swrfaee^ 

Let P = time of the earth's rotation round its 
axis ; p = periodic time of a body revolving at the 
earth's surmce; C = centripetal force or force of 
gravity ; c = centrifugal force at the equator ; cf = 
centrifugal force in any other parallel of latitude ; 
then 

C:c:: — : — ::P:o» 

&c; c':: 1* : cos. xV 



/. C:c'::P»:p»^5sr^*, 
& C : C — c' (or comp arative weight) : : P* 
: P* — p^. COS. x1 * ; 
but the 1st and Sd terms are constant, 

/. weight a P* — p^. cosT^*. 
Qr thus. Let r =? radius of the earth, v ^ velo- 
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city round its axis, then since F a V* when R is 
given, 

C:ir:: V*:»» ::gr:t;» 
Si c:</::i* :cos. a1* 

•\ C : (/ II g r : ©*. cos.^* 
& C : C — c' (or co mpara tive weight) i: g r 
: gr — w*. COS. A* 
•% weight <x g r ~ i^. cos. a)*. 

Cor. To compare the force of gravity in any two 
latitudes* 

Let L = cos, kt in one of the places, I = do. at 

the ot her ; then since force of gravity oc g r »». 

ffs- ^*> gravity at one place : gravity at the other 
..gr — L'w* : gr — l*v* or::P» — »»L* • P» 

31. Seared OeRtHo^Oe anus o/osdUatioH of a pen. 
dulum in any two given latitudes, supposing the earth a ^here. 

Let L and i be the cosines of the two latitudes, T 
and /the tunes of oscillation of the pendulum at those 
latitudes, P and ^ as in the last Prob. ; then since 

time of oscillation « -;^, when the length of the 

pendulum is given, we have by Cor. Prob. SO, 

Cor. If the two places be the pole and the equator, 
we have I = cos. = rad., and L = cos. 90°. = o • 

:.T.t:: Vp»_^.p 

32. In a given latitude a pendubm wiU oadOate oiu» in. 
a second, supposing the earth not to rmdve round Us ads - 
reqmredthe ^' motion round Us axis, that the pendub^ 
may oscillate once in two seconds. 

Let » = required velocity round its axis; / = cos. 
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latitude; F = force of gravity at 1st, or when the 
earth is at rest \f = force of gravity when it revolves 

round its axis; then since tiipe of oscillation oc tt^^^ 

when the length of the pendulum is given, 

1 :2::-7^: --7=:: v /- j V p 

: : A/gr— /»u* : ^ ^ (by Cor. Prob. 30) ; 
'•gr = 4? g r — 4f P t;*, 

33. Supposing a pendulum in latitude 60^ to oscillate 
seconds, when tlie eartJi revolves round its axis with a velocity 
of \ feet per second; required the velocity of the earth round 
its axisy that the pendulum may oscillate once in two seconds. 

Let V = required velocity, then, as before, com- 
parative gravity a gr — »*• cos. x\* oc (in this case 
where latitude = 60°.) 4 ^^ — «?>, 

1 1 ,_ ,_ 

/. 1 :2::-7=r: -7=1 :: v y. Vp 
:: V4gr— V* :: ^ 4 ^^ r — 1> ; 

/. 4 ^ r — v* = 16 g r — 4 V*, 

(\1gr + »* 
and V = V ^ • 



34. -4 pendtduMy vibrating in a certain time at the pole 
of the earthy vibrates once less in n times wlien carried to a 
place SO^from the eqtuUor, In what time does the earth re- 
volve round its axis f 

N^ of vibrations when length is given oc ^ F , .'. 



■ 

I 
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f2n—\ 

/. by reduction t; = y — r— ^ — X ^^gr 



35. Suppose the earih a spherty and that a pendulum 
whose length is (a) inches vibrates seconds in latitude 60^. 
What wiU he the length rf a pendulum that vibrates seconds 
aitheequatorf 

Here L a F when time is given, 

/. a: L::P» — ^: ?»—;?% 

4P* — 4^* 
/. L = a X "Tp» 



4, p» _^» 



36. Compare the space diescribed in I" by gravity in any 
given laMtude with that which vxndd be described in the same 
time, if the earth did not revolve round its axis. 

This in other words is to compare space described 
in any latitude in V^ with that described in the same 
time at the pole. 

Here S a F, /. 

S. in given la^tude : S. at pole : : P* — j3* L* 

:P*- 

Cor. If the latter place were the equator we should 
have 

S. in given latitude : S. at equator : : P* — jp* L* 
: p» _j^. 
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S7. Ld Hie Force act in the direction of the drdinatei ; to 
find the curve when F a — 4 

and — dytPycc —^> '*• """^2^ ^ ~^' 

• •d^ ^ y « efo, and 4? a ,y », 

or the curte is the semicubicd parabola. 

38. Reqtdred the curve in which a body^ revolving hy a 
force which acU in Una jj to (be ems% shall cytproaeh or 
leave the cans with a velocity always proportional to the or* 
dinate* 

dy dy 

Here v cc y or dy (x y, **. — is constant, or — 

y y 

oc dx^ 

dy 
and if M be a proper constant Q^ M. — ±r d!r, 

y 

which is the property of the logarithmic curve. 

39. Compare ihe velocity at any point in a curve with 
that ina Q atthe same distance when Ae Z formed hy the 
distance and tangent is a minimwn. (Fig. 8.) 

p ydp — pdy 

Sin.Z SPY = ~- sgmim/. ^ ,/ ^ so, 

pdy 
/. -^ — = ^ ch. curvature ss yj /. 

V : vel. in © :: ^7 : '^'y V. 1 : 1. 

40. If the force vary according to any law of the dis» 
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tdnce ; shew thai in any orbit, at the point where the centri- 
petal and centrifugal Jbihdtii are eqmti Mr telt^ih/ towards 
the centre of forte U a mastiffttMi. 

By Art, 1 03, paracentric velocity ot — ^ ^, 

& .*. when a maximum —i — "i = max. 

P" }t 

2 dp 2dy 2p^ dy 2pdy 

'*' '¥' ~ '^^'^^y^^~df ^^*~^' 
or 2 S P^ a^ S Y* * P V, :. <mttip* =« ciSftfiPtf. iottH. 

41. Find in what curve a body must revolve round a 
repulsive force, varying ai the distance from a point, 90 that 
its velocity may always equal that in a O at the same ens'" 
tanee round an ^qual atifacttve cenire df fai^. 

It is evident the curve must be an hyperbola, the 
centre of fofic6 in die centre; amd it may be proved, 
as in Art. 135, that 

the veloeity in this curve : velocky in at the 
same distance round an 6qual attractive force 

::CD : CP, 

/. by ftiafe. CD always ±ir CP, which to tie 
property of the equilateral hyperbola ; 

the body •*• moves in this curve. 

42. How mtiM Aie fbf66 U ehmiged hi asi Mp^^ to if^ 
a body move in aparabei^f 

V» , 1 

F «c *py a (in this ettsfe where V is* giveii) Ifir^; 

. ^^ 2SP.PH 
/. F in ellipse : F in parabola ! ! 4 S P : — x c — 

::2AC: PH. • 

y 






^^ 



\ 
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43. Hmo must the force be changed in an ellipse at tie 
lower apse, that the body may describe a circle f 

1 
As in the last F a p^, •*" 

2CB* 

F in elL : F. in :: 2 distance : "T"c" '* ^**^^^^ 

: \ lat rect 

44. Compare the velocity of a body at the extremity of the 
laius rectum of an eUipse unth the velocity ai the mean dis» 
tance ; force being in (he focus, 

I 



SY^ 



• • 



V* at extremity of L. R. : V* at m. distance :: C B* 

: SY* 

SP 

:: C B* : C B.* p-g :: H P : S P 

:: 2 A C — "H^ : 77 :: 2 A C* — C B» : C B» 

2 2 

sc 

n 1 + ^ : 1 — ^5 where e = exoentricity = Tp * 



45^ A oomet is in ^perihelion of a given el^Mc; eom^ 
pare its velocity with thevelocity it would have in apara^ 
bola at the satae periheUon distance. — (Fig. 14.) 

V* a P V when F is given, 

2CB» 
:. V* in eU. : V* in parah. :: ^^ : 4 M S 

::AS : 2AC :: 1 +^ : 2. 

46. If a body move in a coAic section {force tending to 



mmm 
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JbcusJ ; fhe velocity at the distance SP is to ihe velocity -aSt 
any other distance S Q Off a inean proportional between H P^ 
<md SQ is to a mean proportional between S P and H Q. 

1 
V^ oc gY^ or a P V, /. 

V. at P: V. at Q :: CB. ^ ~ : CB. J^-jr^ 

:: ^SQ.PH : ^SP.QH" 

47. If a body revolve in an ellipse (whose major and mi" 
nor axes are given) with the force tending to ihefocus^ and 
the time of revolution be given ; find the actual velocity qf 
the body at any given point in its orbit* 

Let t = per. time = P. T, in rad. AC, a = 
^ ax. maj. d '= any distance; then Jrelocity at the 

mean distance = velocity in radius A C = — —^ 

1 

*"* since V* a gvaj 

2 n( a f d 

—— 2 V at distance d I : /z :; : 1, 

t v2a — d ' 

SflTfl f2a — d 



48. Determine the ^L^ distance of a body from the vertex 
^fan ellipse^ whose excentricity s= i ; at which the velocity 

z greatest velocity : : 1 : ^3 * — (Fig- 14.) 

1 

Since V* a • 

SY* 

SP I 3 SP 
I : 3 : : S M* ; C B». 






PH 4 4 PH* 



\ 
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/. S P sp P H, or the body is at B; 

to find -<^ B S M wehftve S C = 1, and C B =5^^, 

/. B S C = 60^ and B S M = 120^ 



49« Given the vehcU^ of projection == to the velocity in a 
eirok a( the same di$t(9nc€ (F cc fj:)i required ^ direction 

in which a hoefy must he frcjeatsd at a given distance, that 
the focus cf the conic section described may bisect the i ax. 
mqft ; and determine the mognituds end position cfihe axes. 
—(Fig. H,) 

The point of projection must be the extremity of 
the ^ axis minor, and the given distance = S B = 
A (^ :?: (by Prob.) ^ S C J also if a tangent be sup- 
posed drawn at B» the ^ it maK«8 with 8 B :^ ^^ of 
projection = B S C ; to find which we have 

S B : S C :: 2 : 1 :: 1 : cos. B S C = i, 

•*• Z of projection = (50°. H^nc^ \ ajc. maj. = the 
given distance, and piakes with it an Z of 60°.^ 

also B C = ^S3*^^^^S^* »^ A C . — ^ . 

2 

60. The times of moving from the perihelion to the ex- 
iremity of Oie lot. red- in different parabolas vary in the 
sesquiplicate ratio tf the perihelion distances* 

A 



A iL* 1 

For P. T oc — c« --7^ « ^,^ « L*. 



51. Having given the major and minor axes of an ellipse, 
and the force in the fseust; compare the P. T. in the ell^se 
with the P. T, in a, 0, yphose radius = greatest distatwe in 
the ellipse. — (Fig. 14.) 

P, T. in an ellipse or P. T. in rad. S B. : 
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P. T. in © rad. S A :: S B5 : S aJ 
::a* :a + ^ a* — 6*V or :: I : 1 + i\h 

62. Ow^enih^vtbciiyaianif point cf an d^ue f force in 
ikafoeusj g Uii reqmred to find the per, time. 

Let V =: velocity at the given distance d ; then 
V : velocity at mean distance or velocity in at mean 



distance 



r d 

:: 1 : I— 



= w I— 



V 2 a — d 
/. Velocity in at m. distance — ^ , , 

/. P. T. in at mean distance = V. T. in ellipse 

circ. 2ira /2 a — d 

-_- = __. ^-.___. 

53. ChnyMre Ae tim^ of a revobaion about the centre of 
a given eUipse with that about Ua foeus. 

By Art 137, P. T. round centre = -7^, 

V ^ 

2 IF Wk 

and by Art. 14f5, P. T. round focus = . ; 

-'. P : p '* 1 : a*. 

54. Find the aabual P. T, m a given eiUpse (centre of 
force in th^ focus J ; supposing the force at a given distance 

(d) is to the force of gravity a« F ; 1. 

Force at distance (2 =r ^ F, & /• at mean distance 

= ffF.- 
or 
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•\ P. T. in at mean dist ance o r P. T. in ellipse 

«• A* a' 

= -- V^ . 

d gF 

55. jy an ff^ part cf the ear^ toert taken away^ vskat 
change would he produced m Me moon^e orhii^ and m tohat 
ratio would her periodic time be tnereaeedj the moon*M oridt 
hefore the change being stqjposed circular f 

Since F « —-, the new orbit will be one of the 
D* 

conic sections, the centre of the earth being in the 
focus* Let •'• A P Q fFig, 76) be the original, and 
ARM the new orbit, and let the change take place 
when the body is at A ; then since the original orbit 
is a O9 the point A will be an apse of the conic sec- 
tion ARM. 

V* 1 



jNow r a 


p ^ « ^m uu 


s case; p ^ ; 




•'• force before 


change or (1) : 
2CD» 


force after (1 - 
5 A, 


-i) 




AC 






2 CD* 

• 9 <! A 


2SA. SM 

• • 

AC 


;2SA 


*• C. 71 • 7* """ 1 • • 

• 


AC '-^^ 


::SM: 


; AC::2AC- 


-AS: AC; 




4 


«— 1 

. AC - 


.SA. 





n — 2 

Now (1) let n = 2, i.e. let \ the earth be taken 
away, then will A C be infinite, or the curve in that 
case will be a parabola. 

(2) Let n be less than 2, i. e, let more than ^ the 
earth be taken away, then will A C be finite but ne- 
gative ; .*. curve is an hyperbola. 

(3) Let n be greater than 2, or let less than \ the 
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earth be taken away ; then will A C be finite and po- 
sitive, or the curve in that case will be an ellipse^ 

n—l 

whose ^ axis major = * S A* 

n — 2 

To find the change in the periodic time ; we have 
i ax. maj.\ i, 

/. P. T. before change : P. T. after :; ^Al 



n — 2 



n 



n 



rrr— • • n — 2]* : ni n — 1 ; 

1]* 



which R*^. is only real and finite when n is greater 
than 2, or when the curve is an ellipse. 

Cor. In the two last cases | ax, min.V = A S. S M 



n 



= AS.AM — AS = . S A\ 

n — 2 



56. Supposing the velocity with which a body would re- 
volve in a circle at the eartKs surface to be given ; what must 
be the velocity y the direction continuing the same, that the ex- 
centricity of the orbit may be 1000 mtles 9 

Let A P Q (former figure) be a great Q of the 
earth, A R M the ellipse described by the body, S the 
centre of the earth or focus of the ellipse, S C the 
excentricity ; put AS = r, SC = fl, V= velocity 
in A R M at A, v = velocity in A P Q at A ; 

then since F a -^-zii and that F is the same at A 

in both cases, 
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V* « PV; hence 

«CD» «SA.SM 
V» : »» :: : 2 S A :: : 2 S A 

AC AC 

::SM:ACr:2a + r:a + r, 

/2a + r 



.-. V = t; V 

a + r 

Cor. If a be infinitely greater than r, or the path 

of tlie body be a parabola V = v v^ 2. 

57. The velocity in an elUpse at the greatest distance is 
half that uM which a bo(fy wo%Ud move in a panAda at 
the same distance ; what is the exceniricity ^ (he eUipse f — 
(Fig. 14.) 

V* a PV, /. 

1 : 4 :: "Xc" • * ^^ •' S~A (^"^^ • 2 A C, 

AC SC 

.'. S C zs. -^ ; tatA -£^ or tf =fc ^ 

58. St^pose a comet in its descent towards the sun to im- 
pel the eaaikfroma circular orbiCin a direction maifng any 
acute Z. with the earth* s distance ijifid the velocity after 
impact : velocity before : : ^ 3 : ^ 2 ; ^nd what change 
would be produced in the length of the year. 

3t2::HP: AC::2AC— y:AC, 

/•ACs2y, 
/. PT, before impact : P. T. adfter IX i^ : 2 r 1 

:: 1 : 2 V 2. 

59. If with a force varying as — ^, « vdocity which is 
to the velocity ina Q :: ^"s" : ^ 2, at an Z J^, and at a 
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distance d, a body be projected; fuid tlie eaccmtricity of 
tJte orbit described. 

As before, A C = 2 rf. 

A^mn^p \ d:: sin. S : i ' "^ . 

'• ' ■■ . -SP 

/. w = d , sin,. i>, but »* .= W 



^AC — SP 

d If 

' 3 ^ 3' 



/. b" = 3>* =3 3 rf.* ^157^1% .% S C J V a^ i.' J* 

sc ' / — r — 



' and j^ or ^ = V I — — sin. S\*. 

_ 1 

60. Force varying^ m ^, a body is prqfededfrom a gi- 
ven point in a direcHon which makes an ^ o^60o loith the 
distance, with a velocity which is to the velocity in a para- 
bola a* 1 : V 3. Find the major axis, the position of the 
apsCy and ike excentrimty of the ellipse descr^bed^^^(Fig, 14.) 

V* « P V, .M : 3 :: 2 A C — S P : 2 A C, 

. 3SP SP 
.-. A C = and P H = . 

4 2 

Again, S P : S Y :: 1 : sin. 60 :: 2 : ^T, 

3 S P* S P* S P 

ASY* =; ^,andPY* = &PY = _ 

4 4 ^ 

= P H, /. a'* S PH & S P Y are similar and equal: 

Hence Z P S A = 30*^ and P S M = 150° 
= position of the apse. 

S Y S P ^^ 
Lasdy, SH = SY&SC=— =: — -, 



lys' 



SC 1 

/. or e = -7=:. 

AC ^S 



61. Crircn Cle mq;^ imcf mmor aaxs of on c/S^ .• re^ 
fuUnd lAe roditft cf a Q) de$eribed found Ae Jbeus as a 
eeniref m triUcA the periotUe time is equal to Ae ime cf 
monmg thfrough the igMian^ from mean dtftenee io mean 
dUkmee^Vig. 14.) 

Let P = periodic time in req|aired 0. rad. x*yp 
=s time from mean distance to mean distance ; 

A 

then since P. T. a -7-= we have 

^ L 

^a^ iareaore]L+ 2 A SCB 
*fe ab , 

::-7=: 7= :: 2* a* 

V 2 (2!^ 

<r at + 2 fli ^ a* — A*^5 
butP =:p, /.^ = ^^-^ 



or, m term& ot e, re « . 

' 2«' 



62: 7it«/>mAe&>» dxsUmot cf a eomH is \ the dUskmes 
{f.Ae earth fiwn the smi^ amd its orbit wUch is paraboUcalf 
and the earths which is circular ^ are in the samepkme; 
how many days is the comet within the earth* s orbit f 

Let PT^ be the earth's orbit (Fig. 69 J, then 

A 

since P. T. a — • 

a 
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P. T. of earth : T. through P A;/» 
.• _®ZZ?' SPAj> 

Now to find parabolic area S P Ap we have 

«P = r = AN + AS = AN + A 

3 

••• AN = — ,andAS = SN. 

3 

Again,* AS- AN = FN*, /.PpsSPN 

16 r* ^— 
hence area P A jn rr f A N. Pj? = i ^ 2^ 

and A P So = PN.SN = . ^T, 

9 

/. SPA^i = PAii — PSp = ^2^ 

4r 
Also L. R. in O : L* ^.m patab. :: 2 r : — :: 3 : 2, 

.•. P. T. of earth (365* ) : T through S P Aji 

flrr* 10 r* ._ 

::27*:10^3. 






S 27 



63. /%m{ ^ perikdion dittanee of M« comet Aat Ha»/* 
Ike hngeU time wiAm Ae etulh't otik—(^g. 69.) 

SPAi» = jAN. P^ — aPSp 
= J AN. PN — SN. PN 
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« 4 AN.PN — 3SN.PN 



a PN X 4 AN — 3SN. 

Put S P = r, A S = ^, •'. r = A N + a* and 

AN = r — x^ 

/. S N = r — 2 ^ and P N = ^4 a:. AN = 



v^4« X. r — x^ 



/. Area oc '^^x* r - — x X^ r + 2xy 
:. by Prob..^^ = max. or ^^T^. M^-x 

= max. or r — x . r + 2x\^ = max. 

r 

/ /. by reduction ^ = — . 

64. Given tkeperikeUen distance tfa amet describing a 
paraboiay and the radius of the earth's orbit here supposed 
drctilar / fiompare the time ^the comefs moving through 90 
degrees oftru^ anomaly with the UngtKofthe solar year. 

Put S P = r, A S =: a, then 
P. T, of earth : T, through 90° : : ■;^ ' ' 



2r . ^ 4 A 



1 & 

^ r * 2 a » 



65. An inyoetfeetly elastic body revokmg in an elUpsej 
w/iose exoentricity is i^ik reflected at the mean distance by a 
plane coincident with the distance so as to move after impact 
in the direction of the cuds mnoT ; find the degree of elas- 
ticity , and compare the periodic times in the two ellipses. — 
(Fig. 14.) 

In ^ S B C since S C = -»- and S B = 1, Z B S C 
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= 60° = Z of incidence which the direction of the 
body makes with the plane, and •*• the Z of reflexion 
which the direction of the body makes after impact 
with the same plane produced = 30°, •% by mechan- 
ics, 

Velocity before imp. : velocity afl«r II sin. 60° : 

sin. 30°:: ^T : l; 

butV» a PV 

A ch. cur. before impact. : ch. cur. after 11 3 : 1, 

or if 0? = J ax. maj. of new orbit, 
and « =x S B = A C, 



2 «* 2 a. 2 a;- — a 



M X 



3a 



• 1. 



• 



: 1, 



• • ;c =r — zr^ •« 



P. T. before : P. T. after 11 a^ : 



5 



1 

z 



y.s'^ S : 



3^3. 

Lastly by medbanics^ 

P* compression : P® of elasticity :: 

tan. 60°: tan. 30°:: 3 : 1. 

66. Find the M^, of the velocity at the extremUy of the 
lotus rectum of an ellipse (the force being in the focus) to 
^ velocity in a whose radius is the distance of the near- 
er apside from the focus^ and shea that as the excentricity 
is encreasedf this E9. approaches to a JRP. of equality. 



V « 



?V> 



SY 
.'. V. at extremity of L. R. : V. in © r. S M 

(Fig. UJ :: ^2AC» — CB' : ^ A C. S A 
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:: ^AC* + AC* — CB*: AC.SC + CA 
:: ^AC* + SC* : ^AC*+AC.SC 

:: VT+T^ : ^T+7, where e = -®^ 

AC 

=r excentricity. 

lliis R®. decreases till e = ^ 2 — 1^ it is then least, 
and thence approaches to 1. 

67. If a hody revahe m an eUgm^ ihejbree Being in one 
fccuSf the Z^ velocity about the oAer focus is not accurate'' 
ly equal to ike moan Z^ velocity except at four points* 



By Art. 152» Ex. 5, we have 
Z'. vel. round Si ZJ. vel. round H :t 



SP» • CD* 

and (Art 152. Ex. S) mean Z^ velocity round S II 

1 1 

AC.CB- SP* 

/• mean Z\ velocity : Z^ velocity round H 1 1 

1 1 

AC.CB ' CD* ' 
/. when Z'. velocity round H = mean Z'. velocity, 
CD* = AC. CB,orSP-PH = AC. CB, 

.\ X* 2 a — 4? =r a A and a? = « + ^a* — ab. 

Or the four values of C D may be determined geo- 
metrically exactly as for C P in Art 186 ; and if to 
these conjugate diameters be drawn, we shall have the 
required distances. 



J 
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68. The excentricUy ^ the earth's orbit beinf small, the 

variation of the Z,^* velocity is nearly proportional to the 

cosine tfO^ ^ made by the radius vector and the perihelion 
distance. 

Variation of Z'. velocity from mean Z'. velocity 

1 1 

"* SP* ~ flfi 

I + e. cos, ol* 1 

cc ■ ^; — 77 

cc (1 + 2 e. COS. V + &c.) — (1 — J ^ &c.) 
oc 2 e. COS. V + &c. a cos. t; neariy. 

69. Shew the earOis Z'. vdodty to be nearly twice as 
great as it woM have been had the earth's mcAon been trnt- 
/^rm^^Fig. 14.) 

Let A and a = earth's Z'. velocity at M and A ; 
A' and a' =r D^. supposing the moticm had been uni- 
form ; then since Z^ velocity oc -^^ in the 1st case, 

and a ^ in the second, 

A — «:a::SA* — SM»:SM*::2AC.2SC:SM* 

and a' : A' — a' :: S M : 2 S C ; but 

_ 1 1 

tf : a' :: v^at A : mean v^ It SA"* CB* '* ^^ • ^^ 

AA — a;A^ — fl^::2 AC.CB:SM.SA::^AC 

:CB::2: ^1 — tf*::2:l nearly, since the ex- 
centricity of the earth's orbit is small. 



rims. 



